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ABSTRACT. In this article we develop and analyze two-level and multi-level methods for the
family of Interior Penalty (IP) discontinuous Galerkin (DG) discretizations of second order
elliptic problems with rough coefficients (exhibiting large jumps across interfaces in the domain).
These methods are based on a decomposition of the DG finite element space that inherently
hinges on the diffusion coefficient of the problem. Our analysis of the proposed preconditioners is
presented for both symmetric and non-symmetric IP schemes, and we establish both robustness
with respect to the jump in the coefficient and near-optimality with respect to the mesh size.
Following the analysis, we present a sequence of detailed numerical results which verify the
theory and illustrate the performance of the methods.
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1. INTRODUCTION

In this paper, we develop and analyze robust multilevel preconditioners for discontinuous
Galerkin (DG) discretizations of the second order elliptic equation with strongly discontinuous
coefficients:

—V . (kVu)=f in{,
{ u=0 on 012, (1.1)

where @ C IR? is a bounded polygon (for d = 2) or polyhedron (for d = 3). The scalar
function k = k(x) denotes the diffusion coefficient which is assumed to be piecewise constant
with respect to an initial non- overlappmg subdomain partition of the domain €2, denoted Tg =

{0 3M_ | with UM_,Q,, = Q and Q N Qn— (). Although the (polygonal or polyhedral) regions
Qn ,m = 1... M might have complicated geometry, we will always assume that there is an initial
triangulation 7 such that k7 = x(x)|r is a constant for all 7' € 7. Problem (1.1) belongs to
the class of interface or transmission problems, which are relevant to many applications such as
groundwater flow [54], electromagnetics [53], semiconductor device modeling [31, 59], and fuel
cells [74, 76]. The coefficients in these applications might have large discontinuities across the
interfaces between different regions with different material properties.

Finite element discretizations of (1.1) lead to linear systems with badly conditioned stiffness
matrices; not only is the ill-conditioning with respect to the mesh size, but the condition num-
bers depend linearly on the largest jump in the coefficients. Much research has been devoted
to developing efficient and robust preconditioners for use with iterative methods for conforming
finite element discretizations of (1.1). The resulting preconditioners can be grouped into two
basic classes of methods: non-overlapping and overlapping methods. Both classes of precondi-
tioners have their advantages and disadvantages, and as a result it is desirable to have access
to robust and efficient methods from both classes. Domain decomposition Balancing Neumann-
Neumann [58], FETI-DP [55] and Bramble-Pasciak-Schatz preconditioners [12] belong to the
first class of methods (the non-overlapping methods). They have been shown to be robust with
respect to coefficient variations and mesh size (up to a logarithmic factor), in theory as well as
practice, but only if special coarse spaces and coarse solvers (such as those based on discrete
harmonic extensions [42, 58, 43, 65]) are constructed (see also a survey paper by Xu and Zou [79]
for many techniques and references).

The class of overlapping methods encompasses, among others, overlapping Schwarz meth-
ods, geometric multigrid, and more general Multivel methods, as such the Bramble-Pasciak-Xu
(BPX) preconditioner (see e.g. [13, 14, 77]). In practice, it has always been observed that all
these methods, when used as preconditioners in conjugate gradient iteration, result in efficient
algorithms that behave robustly with respect to the jump in the coefficients, independently of
the problem dimension. However, the first analyses show robustness only in certain particular
cases: quasi-monotonicity assumption on the coefficients [41]; space dimension d < 2 [10]; or
when each subdomain €, touches the Dirichlet boundary [75, 61]. In general, these theories
predict a deterioration in the rate of convergence of multigrid and overlapping domain decom-
position methods, with respect to both the coefficients and the mesh size. An improvement in
the rate of convergence can be achieved by resorting to basis stabilization techniques [70], or by
employing energy minimizing coarse spaces [73].

However, we note that there is a discrepancy between these theoretical results and the con-
vergence rate actually observed in practice. This is due to the fact that the analysis approach
used in earlier works was based mainly on the standard theory of CG (see for example [51, The-
orem 9.4.12], or [63, Theorem 6.29]) which provides only bounds in the worst case scenario, and
does not exploit the spectral structure of particular preconditioned system. The preconditioned
system may actually have only a few small eigenvalues (depending on the coefficient distribution
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and mesh size), while the other eigenvalues are bounded nearly uniformly. This was first ob-
served by [48, 72] for the simple Jacobi preconditioner. By using a more sophisticated approach
to CG theory (see [6, Section 13.2], [7]) and considering the distribution of the spectrum of the
preconditioned system, it is possible to show that the small eigenvalues do not influence the
(observed) asymptotic convergence rate. This approach has been pursued in [78, 80|, where it
is show that both standard multilevel and overlapping domain decomposition methods lead to
nearly optimal preconditioners for CG algorithms. See also [26] for further extensions in the
case of highly graded adaptive meshes.

While preconditioners for conforming discretizations have been considered by a number of
researchers, less work has focused on the construction of preconditioners for non-conforming
approximations of (1.1). In this article, we consider preconditioners when the family of Interior
Penalty (IP) Discontinuous Galerkin (DG) methods are used to approximate (1.1). DG methods
are designed to provide robust discretizations of partial differential equations of nearly any type,
and can even handle equations whose type changes within the computational domain. They are
naturally suited for multi-physics applications, and for problems with highly varying material
properties, such as problem (1.1). The development of efficient solvers for DG discretizations has
been pursued only in the last ten years; however, due to the growing importance of DG methods,
there is now considerable interest in this area. Examples of overlapping preconditioners for non-
conforming discretizations are found in [65, 64], where the analysis depends on the assumption
that the coefficient k is quasi-monotone. Since the algorithms we develop here contain the
solution of systems corresponding to non-conforming discretizations of the model problem (1.1)
as a part of the preconditioning step, the analysis presented here gives bounds on the convergence
rate for two level and multilevel methods for the lowest order non-conforming Crouseix-Raviart
finite element discretizations.

While classical approaches have been successfully extended for second order elliptic prob-
lems, discontinuous nature of the underlying finite element spaces has motivated the creation
of new techniques for the design of solvers. Additive Schwarz methods (of overlapping and non-
overlapping type) are considered and analyzed in [44, 38, 2, 3, 4, 11]. Multigrid methods are
studied in [47, 20, 19, 18, 62, 30]. Two level methods are presented in [34, 22, 23]. More general
multi-level methods based on algebraic techniques are considered in [57, 56]. However, except
from several numerical experiments reported in [34, 33, 3, 35, 56], all these works deal with the
case of a smoothly or slowly varying diffusivity coefficient. For problem (1.1), only in [38, 39, 40]
the authors introduce and analyze non-overlapping BBDC and FETI-DP domain decomposition
preconditioners for a Symmetric Interior Penalty discretization of (1.1). The DG discretization
in only used on the skeleton of the subdomain partition, while a standard conforming approx-
imation is used in the interior of the subdomains. Robustness and quasi-optimality is shown
for the Additive and Hybrid BBDC [39] and FETI-DP [40] preconditioners, even for the case
of non-matching grids. The analysis of the first preconditioner requires an interface condition
relating the magnitude of the coefficient and the mesh-size.

The goal of this article is to design, and provide a rigorous analysis of, a simple multilevel
solver (belonging to the overlapping category), for the family of Interior Penalty methods for
approximating (1.1). Together with the family of IPDG methods (including symmetric and
non-symmetric methods), we consider the corresponding family of weakly penalized or IPDG-0
methods (called Type-0in [9]). Our approach follows the ideas in [9], and it is based on a splitting
of the DG space into two components that are orthogonal in an energy inner product (more
precisely, in the energy inner product induced by the IPDG-0 methods). Roughly speaking,
the construction amounts to identifying a “low frequency” space (Crouzeix-Raviart elements)
and then defining a second complementary space. Such a decomposition turns out to be critical
to the design of robust preconditioners in the case of PDEs with rough coefficients, such as
problem (1.1). However, a notable difference takes place in the decomposition of the DG space
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introduced for the Laplace equation [24, 9]. For problem (1.1), a stable decomposition can be
obtained by introducing subspaces that depend on the coefficient k, and this is certainly related
to the splittings used in algebraic multigrid (AMG [16]), where one seeks space decompositions
depending on the operator at hand. In addition, both components of the splitting have a locally
supported basis. As we will show, the analytical results and the preconditioning techniques
obtained through the decomposition introduced in [9] for the Laplace equation can be extended
to the case of problem (1.1) with jumps in the coefficients. With the orthogonal splitting of
the DG space at hand, the solution of problem (1.1) reduces to solving two sub-problems; a
non-conforming approximation to (1.1), and a problem in the complementary space containing
high oscillatory error components. We show that the latter problem is easy to solve, since it
is spectrally equivalent to its diagonal form, and therefore CG with a diagonal preconditioner
is a uniform and robust solver. For the former problem, that is the approximation in the low
frequency or Crouziex-Raviart space, we develop and analyze a two-level (overlapping) method
and a BPX preconditioner. In fact, the theory for the BPX type multilevel preconditioner
follows easily from the analysis of the two-level method.

We follow the approach taken in [78, 80] involving estimating the asymptotic rate of con-
vergence of the preconditioned system. Nevertheless, dealing simultaneously with the jump in
the coefficient x and the non-nested character of the CR spaces presents extra difficulties in
the analysis which preclude from a simple extension of the works [78, 80]. We are able to es-
tablish nearly optimal convergence and robustness (with respect to both the mesh size and the
coefficient k) for the two-level method and for the BPX preconditioner (up to a logarithmic
term depending on the mesh size). The resulting algorithms involve the use of a solver in the
CR space that is reduced to a smoothing step followed by conforming solver. Therefore, in
particular one can argue that any of the robust and efficient solvers designed for conforming
approximation of problem (1.1) could be used as a preconditioner here. The solvers are shown
to be robust and uniformly convergent for symmetric IPDG-1 methods. For the non-symmetric
ITPG and NIPG we propose two preconditioners; the symmetric part and a block-Jacobi-two
level method. For the former, we indicate how the theory for second order problems in [9] can be
successfully extended to cover problem (1.1), once the provisions given in this paper are taken
into account. Unfortunately, for the latter, in spite of its simplicity, we are not able to provide
a complete theory at this time, and it will be subject of future research.

Outline of the paper. The rest of the paper is organized as follows. We introduce the IPDG-1
and IPDG-0 methods for approximating (1.1) in §2 and revise some of their properties. The
space decomposition of DG finite element space is introduced in §3. Consequences of the space
splitting and solvers for the IPDG-0 methods are described in §4. The two-level and multi-level
methods for the Crouziex-Raviart approximation are constructed and analyzed in Section5.2
(see §5.3). Section 6 is devoted to the design and analysis of the solvers for both the IPDG-0
and IPDG-1 family. Numerical experiments are included in §7, to verify the theory and assess
the performance and robustness of the proposed preconditioners. The paper is completed with
an Appendix where we have collected proofs of several technical results required in our analyses.

2. DISCONTINUOUS GALERKIN METHODS

In this section, we introduce the basic notation and describe the DG methods we consider for
approximating problem (1.1). To begin, given a triangulation 7 of the domain 2, we denote
En = £ UEY the set of all edges (2D) /faces (3D) of Tj,, where &£ is the set of all interior
edges/faces, and S,‘? is the set of all boundary edges/faces. Throughout the paper we shall use
the standard notation for Sobolev spaces and their norms. We denote H?(T},) as the set of
element-wise H? functions, and denote L?(&},) as the set of L? functions defined on &,. We will
also use the notation z1 < y1, and x2 2 y2, whenever there exist constants C7, Co independent
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of the mesh size h and the coeflicient k or other parameters that x1, 2, y1 and yo may depend
on, and such that z1 < Ciy; and xo > Coypo.

Trace Operators. Following [5], we recall the definition of the average and jump trace opera-
tors for scalar and vector-valued functions. Let T and T~ be two neighboring elements, and
nt, n~ be their outward normal unit vectors, respectively (n* = ng+). Let ¢* and 7% be the
restriction of ¢ and 7 to TF. We set:

(=5 +0), [=¢nt +¢m omecss,  (21)
frh =5+, [l=r"nf 4 on on ¢ € &,
We also define the weighted average, {-}, for any & = {6, }eces, with 6, € [0,1] Ve, :
{s=0CT+(1-6)¢, {rhs=0e7T+(1—-0d)7", one€céf. (2.2)

For e € 5,‘?, we set
[(]=¢n, {r}={r}s=71 oneeé& (2.3)
We will also use the notation
(u,w);, = Z /uwdﬂs Vou,w e L3(Q), (u,w)g, = Z uw  YVu,w,€ L*(&).
TeT, /T e€& V€
The DG approximation to the model problem (1.1) can be written as
Find u;, € VPC such that AP (u,w) = (f,w)7, , Ywe VPE, (2.4)

where AP (-, .) is the bilinear form defining the method and can be of two different types. For

the Type-1 family of weighted IP methods (see [68]) we set APE(-,-) = A(-,-) where:
A(Uh,w) = (Kvuh? vw)7—h - <{K/vuh}ﬂe7 Hwﬂ>8h + 0<[[uh]]’ {,{'vw}59>€h (2 5)
+ {aeh ke [un], [w])e, Yup, w e VPG, '

The weight 5 = {5e}ees,§{, depends on the coefficient k and therefore it might vary over all
interior edges/faces. For any e € & with e = 9T+t N T, we set f3. as follows:

k- +
Be = - where kT =k, (2.6)
and we define the coefficient k. as the harmonic mean of kT and x~:
26T K™
=—. 2.7
e e 2.7)

Remark 2.1. We remark that one could take k. as min{x™, s~} since both are equivalent:
261K~
KT+ K™
The equivalence relations in (2.8) show that the results on spectral equivalence and uniform
preconditioning given later on for (2.5) with k. defined in (2.7) (the harmonic mean), will

automatically hold for method (2.5) with k. := min{x*,x~}. To fix the notation and to
simplify the presentation we use the harmonic mean as k. [see (2.7)].

min {kT, K7} < ke = <2min{xkT,k"} < K. (2.8)

The symmetric method was first considered in [68] and later in [37, Section 4] for variable
coefficient (although there it was written using a slightly different notation and DG was only
used in the skeleton of the partition). It was later extended to advection-diffusion problems in
[25] and [32]. In (2.5), 6§ = —1 gives the SIPG(); § = 1 leads to NIPG(f); and 6 = 0 gives the
ITPG(S) discretizations. The penalty parameter o, > 0 is set to a positive constant; and for
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0 # 1 should be taken large enough to ensure coercivity of the corresponding bilinear forms. We
also introduce the corresponding family of IP(/3)-0 methods, which use mid point quadrature
rule for computing all the integrals in (2.5). That is, we set APY(-,-) = Ag(-,-) with

Ao (un, w) = (KVup, Vw)7, = (§xVun ., [whe, +0([ul, {xVwhs)e,

+{ach P L), P2l Vun w evPe. 29

where PV : L2(&,) — PY(&,) is the L2-projection onto the piecewise constants on &,. We note
that this projection satisfies H732||L2(5h) =1.

Weighted Residual Formulation. Following [21] we can rewrite the two families of IP meth-
ods in the weighted residual framework: for all up, w € VPC,

Alup, w) = (=V - (kVup), )7, + ([sVun], fwhi-p.)ep + ([un], Bi(w))e,, (2.10)
Ao(up, w) = (=V - (kVup), w)p, + ([£Vun], fwki-g.)ep + ([unl, PL(Br(w)))e, (2.11)

where B is defined as:
Bi(w) = 0{xVw}s, + ach, ' ke[w], Vee &, (2.12)

Throughout the paper both the weighted residual formulation (2.10)-(2.11) and the standard
one (2.5)-(2.9) will be used interchangeably.

Continuity and Coercivity. The family of methods (2.5) and (2.9) can be shown to provide
an accurate and robust approximation to the solution of (1.1). We define the energy norm

-l e

2 _
llunllbe == D wrliVunlgr + ) rehe I Tunll3 - (2.13)
TeT, ecly,

For the classical IP methods, the bilinear form A(-,-) is continuous and coercive in the above
norm, with constants independent of the mesh size h and the coefficient «:

Continuity: | Awn, )] S llunllpe el pe Vun, w e VD6 (2.14)
Coercivity: Alup,un) Z lunllbe Yy, € VP9 (2.15)

The proof of (2.15) and (2.14) is standard and could be found in [37]. We sketch it here for
completeness. Note first that for each e € £°, such that e = 9T N T, the weighted average
{xVu}s, can be rewritten as:

{rVuls, = Be(x™(Vu)T) + (1= Be)(v™ (V) )

K K
= m/{"(VU)"_ + mﬁ_(vu)_
kTR~
= (Vo) + (V)] = s Vu} (2.16)

The trace inequality [1], the inverse inequality [28], and (2.8) then imply the following bounds

hellfivuds, 3 < Cilke)? IVl poop + W2Vl poop- )

) ) ) (2.17)
< 205e)Cil1 + Chy) (6H IVl g + 17 [Vl 1)
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Then, using Cauchy-Schwarz inequality, the estimate (2.17), and the arithmetic-geometric in-
equality we have

[(ErVads, [whe,| =D [ ref Vu}lwlds

ec&y €
1/2
1 _
<[ D2 herl{VubEe || D ek rellwllR
ectp, ¢ e€lp
8CH(1+C2,) 1 -
< a—mv Z /‘?THVUHaT + 1 Z achg 11“%”[[“1]]”(2)7@
¢ TET, e€&h

Then, (2.14) follows from Cauchy-Schwarz inequality and the estimate (2.18). The inequality
(2.15) is proved by setting w = w in (2.5) and taking into account the estimate (2.18) (also with
w = u). We have,

Alwu) = Y wr|Vull§r +ae Y weh Il e — (1 - 0)({rVuls,. [ul)e,

TET, ee&y
> [llulll e = 11 = 0 ({rVubs,, [ul)e,]

8CH(1+C2,,) 4—[1-10 -
2 <1 _ t> Z HTHVU‘H%),T + — Qg Z /iehe 1”[[”]]”%,6 ’

« 4
€ TET,, e€c&n

and (2.15) follows immediately by taking a. large enough (if § # 1). Moreover, notice that
both constants in (2.14) and (2.15) depend on the shape regularity of the mesh partition but
are independent of the coefficient k.

For the IP-0 methods (2.9), similar properties can also be easily shown to hold following the
same arguments, albeit in a different energy norm, defined as:

lullBeo == D sl Vulldr + Y wehe IPA([ul)|5 - (2.18)
TeT eesp

For both families of methods, optimal error estimates in the energy norms (2.13) and (2.18) can
be shown, arguing as in [5]. See also [8] for further discussion on the L2-error analysis of these
methods.

We now establish the spectral equivalence between A(-,-) and Ay(-,-).

Lemma 2.2. Let A(-,-) be a bilinear form corresponding to a Type-1 IP(j3) method (2.5) and
let Ag(-,-) be the corresponding Type-0 bilinear form as defined in (2.9). Then there exists a
positive constant ¢y = co(a), depending only on the shape regularity of the mesh and the penalty
parameter « (but independent of the coefficient k and the mesh size h) such that,

Ao(u,u) < A(u,u) < co(a)Ao(u,u) Yu e VPG, (2.19)

Proof. The lower bound follows immediately from the fact that the projection P is an L2(e)-
orthogonal projection and therefore has norm 1.
To show the upper bound it is enough to show that

> ach wel[ulllse < COY - wrllVullgr + ) achy el PE[u]llg e )- (2.20)
eely, TeTh ecly,

Adding and subtracting P2[u] in the term on the left side above and using again that P? is the
Ls(e)-orthogonal projection on the constant functions we have for each face e,

ITelll5.e = IPEMuDIf e + I[ul — P2Tu)I. - (2.21)
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Hence, we only need to estimate the last term on the right side of the above inequality and show
that this term is bounded by the right side in the inequality given in (2.20). Observe that on
eachec & e=0TTNOT™,

I[ul = PEQuDIG.e < llu™ = PG, + llu™ = P(uT)IG -
In [9, Lemma 2.1] it was further shown that
he 'l = P S utlige - Ve€&n

Thus, multiplying the above expression by the harmonic average k. and taking into account (2.8)
we arrive at

> ach; kelllulle < Cla) D kel Vuldr + > achy kel PEulllf.
eesy TeT e€e€y

which concludes the proof. ]

3. SPACE DECOMPOSITION OF THE VDG SPACE

In this section we introduce a decomposition of the VP%-space that will play a key role in the
design of the solvers for the DG discretizations (2.5) and (2.9). In [9] (see also [24]) it is shown
that the discontinuous piecewise linear finite element space VP& admits the decomposition:
Ve — VhCR @ Z where VhCR denotes the standard Crouziex-Raviart space defined as

VR ={veL*(Q) : v, € PHT)VT € Ty and PX([v] -n) =0Vee &}, (3.1)

and the complementary space Z is a space containing functions having zero averages at the
midpoints of the internal edges:

Z={z€L*Q) : 2, € PUT)VT €T}, and P{v} =0, Ve € &}.

T

In [9] it was shown that this decomposition satisfies Ag(v, z) = 0, for all v € V;’F and 2z € Z.
We now modify the definition of Z above in order to account for the presence of a coefficient in
the problem (1.1); we define

Zg={z€L*Q) : 2z, € PHT)VT €T, and PY({z}1-5.) =0, Ve € &}, (3.2)

where the weight 5 was defined earlier in (2.6). Note that the weight S depends on the coefficient
k, and, as a consequence, the space Z3 is also coefficient dependent. In what follows, we shall
show that Zg is a space complementary to VhCR in VP& and the corresponding decomposition
has properties analogous to the properties of the decomposition VP& = VhCR @ Z given in [9]
for the Poisson problem.

For any e € &, with e C T € Ty, let ¢, 7 be the canonical Crouzeix-Raviart basis function on
T, which is defined by

YeT|T € Pl(T), Ve 7(Mer) = ¢ er Ve € En(T), and per(xz) =0 Vo ¢ T,

where m, is the mass center e. We will denote np and ng as the number of simplices and faces
(or edges when d = 2) respectively. We also denote npp as the number of boundary faces.

T

Proposition 3.1. For any u € VPC there exists a unique v € VhCR and a unique zg, € Zg such
that u=v + zg, , that is

VvPE =yl g z,. (3.3)

Proof. Throughout the proof, for simplicity, let us set 37 = 3., 8~ = (1 — ), and pF = e, T+
for any e € & with e = 9T NIT~. We also denote . = ¢ 1 for any e € E}? with e = 0T NONL.
Note that

dimVDG = (d+ 1)TLT =2ng — npBE,
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and it is also obvious that {¢F eegp U {906}6653 form a basis for V%, Notice that g+ + 8~ =

therefore we can express any u € VPC a;

u(z) = Z (me)d (z) + Z (me)epe () + Z u(me)pe(z)

eely ec&y 668}?
= Y (Bt (me) + BTuT (me) (¢l (2) + o7 (@)
e€&y
+ > (uh(me) —u” (me) (B ol (2) = B g () + D ulme)pe(x
e€ép ecg?
= fubi-s.ds | (o (z) + ¢c (2))
Z;(r / o > 7
uln™ds + ulnds | pe
+e§<|!/ﬂ ) (et 0) - +Z<|1/” is) 5.0

= v(x)+ z3(x).
Then for each e € £, we set
0 H(x) = ol () + oo (), (34)
and let

Vi) = Bt - e () = { e TETT 35)

and ¢Z(z) := 0 for all z ¢ TTUT . In the definition (3.5) of ¥?(z), we have used ¢, (z) = 0 for
z €Tt and ¢} (z) =0 for # € T~. Finally, when e € £ with e = 9T N 9 for some T, we set

V() = @e(x), VaxeT. (3.6)

It is then straightforward to check that

VhCR — Span{(pgR}eegz’ and ZB = Span{d}g}eegh :

Hence, for all u € VP there are unique v € VCR and zg, € Zg defined by

b eego(| A W) M) e Vi

25 = (| |/[[u +d8>¢e( T) € Zg.

ecép

such that u = v + 2z3. This shows (3.3)and concludes the proof. O

Remark 3.2. As we pointed out in the introduction, the definition of the subspace Zg clearly
depends on the coefficient k since 5 depends x. Such dependence is also often seen in algebraic
multigrid analysis, where the coarse spaces depend on the operator, and are in fact constructed
in this way, the aim being to increase robustness of the methods.

In the proof of Proposition 3.1 above we have introduced the basis in both VhCR and Zg. The
canonical Crouzeix-Raviart basis functions are denoted with {(pgR}eegﬁ for non-conforming and
these functions are continuous at the mass centers m, of the faces e € £7. The basis in Zg,
{¥Z}eee, consists of piecewise P! functions, which are discontinuous across the faces in &,. In
fact, for any z € Zg such that z = Zeesh zeZ with z. € IR for any e € &, we have

([[Z]]n+)<me’) = Ze!y Ve’ & gh-
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To see this, evaluating the jump of z at m, gives

([In)(me) = Y ze([WZn*)(me) = zo (W2 In*) (me)

ecéy
_ Ze’(ﬁe’ - (/86’ - 1)) = Ze/, e € g}?v
Zely e e 5}?

This relation will also be used later to obtain uniform diagonal preconditioners for the restric-

tions of A(-,-) and Ag(-,-) on Zg.

Remark 3.3. For mixed boundary value problems, that is, 9€) contains both Neumann boundary
'y # 0 and Dirichlet boundary I'p with 9Q = I'p UT y, the definition of the basis functions on
the boundary faces [see (3.6)] need to be changed as:

YER(z) = @er(z), e=0TNTy, forall xe€T,

Yi(x) = per(x), e=0TNTp, forall xe€T. (3.7)

Thus, in case I'y # () the dimension of VhCR is increased (by adding to it functions that
correspond to degrees of freedom on I'y) and the dimension of Z3 is decreased accordingly.
Clearly things balance out correctly: the identity VP& = VhCREBZB holds, and also the analysis
carries out with very little modification.

Next lemma is a simple but a key observation used in the design of efficient solvers and
preconditioners and it shows that the restriction of Ag(-,-) : VP x VPG » R to VhCR X Zg
vanishes.

Lemma 3.4. Let u € VPY be such that u = v+ z with v € V,CF and 2 € Z5. Let Ag(-,-) be
the bilinear form defined in (2.9). Then,

Ao(v,z) =0 Vo e VhCR, Vze Zﬁ. (3.8)

Furthermore if Ao(-,-) is symmetric, then Ay(v,z) = Ao(z,v) = 0 for all v € V,CE, and for all
z € Zg and the decomposition (3.3) is Ag-orthogonal, namely, VhCR La, Zs.

Proof. From the weighted-residual form of Ag(-,-) given in (2.11), for all v € VCF and all
z € Zg we easily obtain

Ao(v,2) = (=V - (kV0), 2)7;, + ([5V0], f2}1-p.)ep + ([v], P2 (Bi(2))e, = 0.

In the equation above, the first term is zero due to the fact that v is linear in each T and that
the coefficient & is a constant on T'; the second term vanishes from the definition of Zg (since
[£Vv] is constant on each e € £7) and last term vanishes as well independently of the choice of
0 (or equivalently the choice of B;(v)) from the definition of the space V,*F. Moreover, in the
case when Ay(+,-) is symmetric and positive definite we have that Ag(v, z) = Ay(z,v), for all
v E VhCR and for all z € Z3. Thus, for the symmetric method Ay(-, -), the spaces VhCR and Zg
are indeed Ap-orthogonal. The proof is complete. ]

4. SOLVERS FOR IP-0 METHODS

In this section we show how Proposition 3.1 and Lemma 3.4 can be used in the design and
analysis of uniformly convergent iterative methods for the IP-0 methods. We follow the ideas
and analysis introduced in [9] and point out the differences. We first consider the approximation
to problem (1.1) with AP%(-,-) = Ag(-,-). To begin, let Ay be the discrete operator defined by
(Aogu, w) = Ag(u,w) and let Ay be its matrix representation in the new basis (3.7). We denote
by u = [z,v]?, f = [f,,fy]7 be the vector representation of the unknown function u and of the
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right hand side f, respectively, in this new basis. A simple consequence of Lemma 3.4 is that
the matrix A (in this basis) has block lower triangular structure:

A 0
where A§?, Ag¥ are the matrix representation of Ay restricted to the subspaces Zz and VOR

respectively, and A§® is the matrix representation of the term that accounts for the coupling
(or non-symmetry) Ag(¢?, p“%). As remarked earlier, for Type-0 SIPG(3) discretization, the
stiffness matrix Ag is block-diagonal.

Here, we have given a 2D example, with two squares Q1 = [—0.5,0]? and Q3 = [0, 0.5)? inside
the domain 2 = [~1,1]2. We set the coefficients x(z) = 1 for all z € Q1 U and x(z) = 1073
when x € Q\ (€1 U Qy), see Figure 4.1. We choose the penalty parameter o, = 20 in (2.9).
Figure 4.2 shows the sparsity patterns of the Type-0 IP(f) methods with standard nodal basis,

1 1
0.8 4 0.8
0.6 4 0.6
04 b 0.4

Q

0.2 2 b 0.2

0 J

o] \ \
-0.2 Q 4 02
1

0.4 0.4
-0.6 1 -0.6
-0.8 1 0.8

-1 q L .

-1 -0.5 o] 05 1 1 05 0 05 1

FIGURE 4.1. Computational domain and unstructured mesh.

while Figure 4.3 shows the sparsity patterns of the stiffness matrices for the IP-0 (/) methods
after changing from the standard nodal basis to the basis (3.4)-(3.5) induced by the splitting
VPE = VLR g Z5.

o . EER
1000k + 1 o0ty

SIPG (nnz = 10834)
.1 e

NIPG (nnz=10834)
] e

KIS LWt
100080, " o1t

Lig .
ik I

100t .
200¢,

IIPG (nnz = 8886)
] i

300 ¢

400

600 -

5001, .-

700t .

800

900f . "%

100", - "

0 200 400. : 600 ‘stoo‘ '1000 0 200 400. 600 800 1000 0 21;0. 400 600 800 1000
FIGURE 4.2. Non-zero pattern of the matrix representation in the standard
nodal basis of the operators associated with Type-O IP methods. From left

to right: SIPG, NIPG and ITPG methods.

Clearly, as in the constant coefficient case, a simple algorithm based on a block version
of forward substitution provides an exact solver for the solution of the linear systems with
coefficient matrix Ag. A formal description of this block forward substitution is given in the
next Algorithm.
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SIPG (nnz = 4906) NIPG (nnz=7331) IIPG (nnz =5305)

100
200}
300
400,
500F
600},
700
800}

900}

1000 B
s 1000

1000¢: ) ®: )
0 200 400 600 800 1000 0 200 400 600 800 1000

F1GURE 4.3. Non-zero pattern of the matrix representations according to the
basis (3.3) of the operator associated with Type-0 IP methods;i.e., Ag. From left
to right: SIPG, NIPG and ITPG methods.

Algorithm 4.1. 1. Find z € Zg such that Ay(z,v) = (f,¢)7, for all ¥ € Z3
2. Find v € VOF such that Ag(v, p) = (f,9)7, — Aoz, ¢) for all p € VOE
3. Setu=z+v

Notice that the above algorithm requires the solution of Ag(-,-) on Z3 (Step 1. of the algo-
rithm) and the solution of Ag(-,-) on VT (Step 2. of Algorithm 4.1). Unlike the situation in
[9], due to the jump coefficient in (1.1), the solution on V¢ is more involved, and therefore we
postpone its discussion and analysis until Section 5. On the other hand, as we show in the next
section, the solution on Zj (the space regarded as containing “high frequency” components)
can be handled efficiently using CG with a diagonal preconditioner.

4.1. Solution on Zg. The first result in this section establishes the symmetry of the restrictions
of the bilinear forms (of both Type-0 and Type-1) on Zg.

Lemma 4.2. Let A(-,-) be the bilinear form of a non-symmetric Type-1 IP method as defined
n (2.5) and let Ao(-,-) be the corresponding Type-0 bilinear form. Then the restrictions to Za
of both Ao(-,-) and A(-,-) are symmetric. Namely, for § = —1,0, 1 and for all z € Z5 and
¢ € Zg we have

Ao(z,0) = Ao(¢,2) and A(z,¢) = A9, 2).

Proof. If # = —1 there is nothing to prove, since in this case both bilinear forms are symmetric.
Hence we only consider the cases § = 0 or § = —1. Integrating by parts and using the fact that
z € Zg and ¢ € Zg are linear on each element 7" shows that

0= (=V-(kV),V2)7, = (kV, V2)7, — ({xV}a., [2D)e, — ([5VY] f2hip0eg - (4.2)
Hence, from the definition (3.2) of the Z3 space, it follows that
KV, V)7, = {rVhs., [2De, = {rVahs, [W])e, V20 € Zp. (4.3)
Substituting the above identity in the definition of the bilinear form (2.9) then leads to
AO(Z7 w) = 0([[21]7 {Hv¢}5e>5h + <732([[Z]]), K‘e[[w]bgh
= Q(HVlb, VZ)Th + <7DS(W]])’ He[[z]]>gh = Ao(wv Z)

This shows the symmetry of Ag(-,-) on Z3. The symmetry for A(-,-) on Z3 then follows from the
result for Ag(-,-), since the difference between these bilinear forms is obviously symmetric. O
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We now study the conditioning of the bilinear forms A(-,-) and Ay(-,-) on Zg. For all z € Zg,
and for all ¢ € Zg with

z = Zzewg € Zg, and ¢= prg € Z3.

eesy ecép
we introduce a weighted scalar product (-, )« : Z3 x Z3 — IR and the corresponding norm || - ||,
defined as follows

(2,0)s = Z i ‘56264567 HZH2 (2, 2) (4.4)

EEgh

Observe that the matrix representation of the above weighted scalar product (in the basis given
n (3.5)), is in fact a diagonal matrix. The next result shows that the restrictions of A(-,-) and
Ao(-,-) to Zg are spectrally equivalent to the weighted scalar product (-, -), and therefore their
matrix representations are spectrally equivalent to a diagonal matrix.

Lemma 4.3. Let Z3 be the space defined in (3.2). Then for all z € 23, the following estimates
hold
1217 S Ao(z, 2) S 1217, (4.5)

and also

213 S Az, 2) S 12112 (4.6)
Proof. Let us fix 2 € 23, 2 = ) ¢, 2e;. From the definition of P2([zD)5.c, it is immediate

to see that
IP2([zD3 . = lel22.

Z rehy HIPY([2 Z /ﬁe—z (4.7)

ecéy e€&y
From this relation it is easy to show both estimates (4.5) and (4.6). First, to show (4.5), we
notice that taking into account (4.3) together with the estimate (2.8), it follows that

> krlValgr = (kV2, V)7, = {6V}, [2])e, = (ke{ VY, PL([2]))e,
TET,

Thus, we have that

1/2 1/2
S| D mrlValr > rellhPPALDIG e
TeT, eely

and therefore,

>l Vg S 3 rellhd PPALDIG e = =13, (4.8)

TET, e€e&y
and since z € Zg was arbitrary, we have that Ag(z, 2) < 2|2, for all 2 € Z5 and this proves
the upper bound in (4.5).

To prove the lower bound, we use the coercivity estimate for the bilinear form Agy(-,-) in the

energy norm H|'H|2DG0 [see (2.18)]. For all z € Z3 we have

Ao(z,2) 2 l=lbao = D wrllVaIFr + D wellhs2P2(IDI.

TETh ecéy,
2 > el PPALDIG e = ll=112.
ecy,

Since this is the desired bound we conclude the proof of (4.5).
The proof of (4.6) follows easily from the spectral equivalence between A(-,-) and Ap(,-)
given in Lemma 2.2. (Il
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Observe that last result guarantees that the linear systems on Zg can be efficiently solved
by preconditioned CG (PCG) with a diagonal preconditioner. As a corollary of the result in
Lemma 4.3, the number of PCG iterations will be independent of both the mesh size and the
variations in the PDE coefficient.

We now show that in the particular case of IIPG-0 method, the matrix representation of
Ao(+,-) on Zg is itself a diagonal matrix.

Lemma 4.4. Let Ay(-,-) be the bilinear form of the non-symmetric IIPG(3) Type-0 method
(2.9) with 0 = 0. Let {1?}cce, be the basis for the space Zg as defined in (3.5). Let A§* be the
matriz representation in this basis of the restriction to the subspace Zg of the operator associated
to Ao(-,-). Then, A§® is diagonal.

Proof. Note that from the definition (2.9) of the method (6 = 0) together with (4.3) we have
Ao(z,9) = (V2, V)7, — ({Veha.. [WD)e, + {achs ' ke PE([2D), PE(IYD)e,
— {ach; R P P[], V€ 25 (19)

Let {97 }{cee,} be the basis functions (3.5). To prove that A§* is diagonal it is enough to show
that for the basis functions (3.5), the following relation holds:

Ao(VZ, V%) = Cele e ce # 0, Veecé&,, (4.10)

where d. ./ is the delta function associated with the edge/face e. We now show (4.10). Observe
that the supports of 17 and ¢? have empty intersection unless e,e’ C T for some T € Tj. Let
T N2 = ) be an interior element, then from (4.9) and the mid-point integration rule, we have

Ao(vhe,e) =aeh21/ﬂe7’g([[ SDPU[WE]) = achy ' ke[207 (me)) 207 (me))]
= 4%}16_1/%56,4 e,el COT e €&,

which shows (4.10) for interior edges with c, = 4aeh_ k.. For boundary edges/faces the con-
siderations are essentially the same and therefore omitted. The proof is complete since the
relation (4.10) readily implies that the off-diagonal terms of A§* are zero. O

We remark that this lemma will be essential for proving the uniform convergence of the
iterative solvers for the non-symmetric methods.

5. ROBUST PRECONDITIONERS ON V¢t

In this section we develop efficient and robust solvers for the solution in the CR space. By
virtue of the spectral equivalence between A and Ag given in Lemma 2.2, it is enough to focus
on the development of solvers for A restricted to the subspace VhCR and this is what we do next.
Observe that the restriction of Ag(-,-) to the subspace VCF reduces to the P'-nonconforming
finite element discretization of (1.1)

Find u € V. Ag(u,w) = (kVu, V)1, = (f,w) Yw e V. (5.1)

We denote AOCR as the operator induced by (5.1). For the analysis that follows, we need the
following semi-norms and norms for any v € VhCR:

e = Y w2llVolgr,  oliae, = >, IVollor, (5.2)
TETh Te€Th , TCQ;
M

W3, =kl l0llba 0l = 10l + 1017 1 - (5.3)
=1

If the coefficient k(x) is a constant or a smooth function; one can find some uniform precon-
ditioners in the literature (see the references in [9]). The case of jump coefficients x has also
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been considered by several authors [65], [64], with the assumption on the quasi-uniformity in
the coefficients.

Since (5.1) is a symmetric problem, from the classical theory of PCG we know that the con-
vergence rates of the iterative method with preconditioner, say B, for Ag R are fully determined,
in the worst case scenario, by the condition number of the preconditioned system: IC(BAOCR).
However, for problems with large jumps in the coefficient «, it has also been observed in [49, 78]
that the spectrum o(BASF) might contain a few very small eigenvalues, which result in a ex-
tremely large value of IC(BAS®) (independently of how fine is the mesh), but they seem to have
no influence on the efficiency of the preconditioner and the overall convergence of the iterative
method. Therefore, following the approach introduced in [78], we consider the asymptotic con-
vergence rate of the PCG algorithm, which is determined by the so-called effective condition
number, as defined below in Definition 5.1.

The setting that we need for the analysis require some more preliminaries. Let us first briefly
review few standard results for the PCG algorithm. Suppose that the spectrum of BAg R
o(BA§R), is divided in two sets: o(BASF) = 0o(BAS®) U 01(BA§T), where oo(BAS®) =
{A\1,..., Am,} contains of all very small (often referred to as “bad”) eigenvalues and the re-
maining eigenvalues (bounded above and below) are in o1(BA§T) = {A\mgs1,---, An]} ; that is
Aj € la,b] for j =mo+1,...,N, with N = dim(VhCR) =ng —npgg. Then, the error at the k-th
iterate of the PCG algorithm is bounded by (see e.g. [6, 51, 7]):

k—mg
Vbja—1
lw = urllin, < 20C(BAGT) —1)™ <\/b;7a+1> [lw = wol[1,n - (5.4)

From the above estimate, one may conclude the following: If there are only a few small
eigenvalues of BAST in 0o(BASF), then the asymptotic convergence rate of the resulting

PCG method will be dominated by the factor rvlb);a:, i.e. by b/a where b = Ay (BASF) and

a = Amg+1(BA§®). The quantity (b/a) which determines the asymptotic convergence rate is
often called effective condition number and its formal definition follows.

Definition 5.1. Let V be a real N-dimensional Hilbert space, and 2 : V' — V be a symmetric
positive definite linear operator, with eigenvalues 0 < A; < --- < An. The mo-th effective
condition number of 2 is defined by

AN(21)
)‘m0+1 (Ql) .

We note that this characteristic was previously used in the context of deflation based precon-
ditioner (for determining the asymptotic convergence rate of PCG for semidefinite systems [45]).

In our analysis of two-level and multilevel preconditioners for problem (5.1), we will mainly
focus on estimating the effective condition number. Related works which derive estimates on
the effective condition number in the context of multigrid and domain decomposition methods
for conforming discretizations are [49, 78, 80]. To improve the flow of the discussion when
presenting the analysis of the multilevel preconditioner for the nonconforming discretizations,
we start by introducing a two level method and provide a detailed analysis and bounds of the
condition number of the preconditioned system.

Kmo-i-l(m) =

5.1. Two level preconditioner for Ay(-,-) on V,.CE. In this subsection we will construct an
additive preconditioner (parallel subspace correction method) with a conforming space Vfonf -

VhCR as a coarse space plus a pointwise relaxation (point-Jacobi or Gauss-Seidel method). More
precisely to define the two level parallel subspace correction method, we consider the following
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overlapping space decomposition of VhCR:
VioH = ViR 4 peont, (5.5)

Here, we allow for different h: one could set h = h, or choose a coarser approximation i.e.,
h = H > h. In addition we will assume here that the meshes 7, and 7; are nested. On Vﬁc‘mf

we consider the standard conforming P!-approximation to (1.1): Find x € V}fonf such that

alvn) = Aulon) = [ £V Vnde = (fon), Vo€ Vi (5.6)

The bilinear form given above defines an “energy” scalar product and its naturally induced
weighted semi-norm is:

X[ e.p ::/ k|Vx|*dz, Vxe€ HY (D), DcQ. (5.7)
D

We next discuss the matrix form of the additive preconditioner and then its operator form.
The reason for discussing both these equivalent forms is that the matrix form is used to im-
plement the method, while the operator form is more suitable for the analysis and the spectral
equivalence results that we prove.

5.1.1. Definition of the preconditioner: Matrix notation. We begin by introducing the
necessary notation pertaining to vectors and matrices. We write AOCR = Af’ =Dy —L — Lt
where Dy, and L are the diagonal and the strict lower triangular part of the stiffness matrix
Ag R representing the restriction of Ag(-,-) on VhCR. We use similar notation for the space Vfonf
denoting by A® the stiffness matrix representing the bilinear form a(-, -) on the conforming space
Vﬁconf. For v € VIO, v(z) = Zees;; v (z), we denote by v € IR"R the vector of degrees of
freedom of v(x), that is v has components {'Ue}eegﬁ. Here ncr = ng — npg is the dimension
of the space th B and we shall denote by nc the dimension of V-ffonf. The latter dimension is
equal to the number of interior vertices in the triangulation with mesh size h. We then have

the following relation between stiffness matrices and bilinear forms and vector representations
of degrees of freedom:

(AG v, W), = Ao(v,w),  (A%x, m)e, = a(x.n). (5.8)

These identities hold for all v € VhCR and w € VhCR and their vectors of degrees of freedom,
v € IR"R and w € IR"CR as well as for all y € Vf‘fonf, and all n € V}fonf and the respective
vectors of degrees of freedom x € IR"¢ and n € IR™C.

Since the conforming finite element functions are in VhCR, we may expand each of the canonical
basis functions from Vfonf via the basis in VhCR. The coefficients in such expansions form
a matrix II € IR"CE*™ which represents the natural inclusion operator V}fonf C VhCR. The
additive preconditioner B : IR"¢%  IR"™C% is then defined in the usual manner:

B:= Dy +I(AY) . (5.9)

Denoting by Ny(T;) the set of interior vertices of 7; we see that the following relation holds for
all p € No(T;) and p’ € No(T5):

Ay = alep o) = [MTACRTI] 0 de. AY =TITACHIL (5.10)
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5.1.2. Definition of the preconditioner: Operator notation. We first consider the opera-
tor R~! corresponding to the Jacobi smoother. We note that the usual definition of the operator
associated with Jacobi relaxation requires additional notation, including introducing mass ma-
trices and other objects, which are not actually used in the implementation of the algorithms.
To avoid introducing these extra quantities, we will take a slightly different path and we define
R_lAgR instead of R~1. We set:

_ Ao (v @CR) [ACRV]
1 4,CR, _ 0\, P¢ CR _ 0 Vle CR
RTAGT0 = D Glolh o0 ¥~ 2 Tagm, ¥ (5.11)

ec&y e

It is clear from this definition that the vector of degrees of freedom for the function R~'A§Fv
is Dy lAng, which precisely shows that the matrix representation of R~! is Dy L

We next consider the operator corresponding to the correction from the conforming space
Vﬁonf. For its definition we need to introduce the standard Ag(:,-)-orthogonal and Lo(f2)-
orthogonal projections on Vih«conf. Let us denote these projections with P¢ and Q¢ respectively.

They are defined for any v € V¢ and [P%v] € Vﬁc‘mf and [Q%v] € Vﬁconf are as follows:

a([PCv],n) = Ao(v,m),  ([Q%0],m) = (v,m), ¥ neVFom. (5.12)
The operator form of the preconditioner is then
B: VR VPR B.= R4 (A9)71QC. (5.13)
We also have the following identity, which follows directly from the definition of Q¢ and P¢:
QUASE = ACPC. (5.14)

Multiplying from the right the defining relation for B in (5.13) with AOC R and using the above
relation (5.14) we have that

BAST .= R71ASE 4 PO, (5.15)
From the definitions given above it is immediate to show that the vector of degrees of freedom

corresponding to the function BAng is BA(?RV, where v is the vector of degrees of freedom
for v(x). This together with (5.8) shows that the following identity holds for any v € V;%:

(IB%A(?RV,Ang)g2 _ Ao(BAgRU,U)
(AOCRV, V)g2 .A()(U, U)

Note that the left side of this identity uses the f5 inner product on IR"¢%  while calculating the
right side is done through the bilinear form Ag(-, -).

(5.16)

5.1.3. Spectral equivalence results for the two level preconditioner. We recall definition
of the set of indices Z of floating subdomains (see [69]) which are the subdomains where the
coefficient is constant and which do not touch the Dirichlet boundary:

Z:={i : measg_1(02NIY)=0} . (5.17)

The role of the set Z will be clear from the convergence analysis given later on in this section.
The main spectral equivalence result for the two level preconditioner is as follows.

Theorem 5.2. Let mg = |Z| be the total number of floating subdomains. Then, the effective
condition number Kep(BA§R) := Kpg+1(BASE) for the preconditioner B defined in (5.13) is
uniformly bounded:

Kmo+1(BAo) < (1+|log2h/h|) <C,  forh>h,
with C' > 0 independent of the coefficients.
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The rest of the section is devoted to the proof of Theorem 5.2, which essentially involves
showing spectral equivalence of the form

AO(Uu U) S (B_l’l)7 'U) 5 AO(Uu ’U).
It can be shown (see Appendix B, Lemma B.2) that the inverse of B satisfies:

(B™lvv) = inf [R(v—xv=2x)+a(x)], (5.18)
XEYR

where R(-,-) is the bilinear form associated with the smoother and is defined as: R(v,w) :=
(Rv,w). In the Appendix B (see Lemma B.1) it will be shown that for all v € V;°% we have

R(v,v) = > Ao(e", oC)02 (Dov, V), (5.19)
ey

From the above considerations it is clear that the proof of Theorem 5.2 amounts to verifying
the following two conditions.

F1) There exists a constant ¢; such that for all v € V¢ we have
( h
et Ao (v,v) < R(v,v).
F2) For every v € VO there exists x, € Vo (depending on v), such that
h h

R(’U - Xv, U — XU) + a(X’Ua X”U) S CO‘AO(Ua U)'

We remark here that the identity (5.18) is a well known result regarding two level additive
Schwarz methods (cf. [77, 67, 69]).

The validation of last assumption (F2) is more intricate and we postpone it to the next
subsection, while the Lemma stated next shows that (F1) is true for our choice of R(:,-), and
also gives an inequality which will later be used to verify (F2).

Lemma 5.3. Let R(-,-) be the bilinear form defined via (5.19). Then we have the following
estimates

e Ao(v,v) S R(v,v)  and R(v,v) ~ h_QHUH%’H , Yve VPR, (5.20)

Proof. To show that (F1) holds we set w = >, wep$ " and Cauchy-Schwarz and the arithmetic-
geometric inequalities give

Ao(v,v) = DD Ao(FF, SR veve
e e’
S5\ Ao(@E R, o) Ao(£GF, GG Yvcve
€ e/
1
< 30D [Aolel®, TRyl + Ao(eGR, oG]
e e’

= D> A el £ Aol ool = R(v,0).

e

IN

The constant hidden in the “<” above only depends on the number of neighboring faces €/, for
a given face e € £ and this constant is bounded by 5 in 2D and 7 in 3D.
Notice that since the mesh is quasi-uniform, for any VhCR Sv=>, UegogR and T € Ty, we

have
2 ~ 21, .CR
0,s,T" — Z UeH(/Oe
eCOT

0t (5.21)

lv
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On one hand, for any basis function p$¢® by the inverse inequality (see [29]) we have that:
h_2\|cp§R||3’&T S HgogRH%’H’T. On the other hand, directly calculating the norms gives us the

following bound ||VgagRH(2)ﬁ7T S h_QHcpeCRHa&T. Hence,

— C C
h 2H(Pe RH(%,/@,T = HV(pe RH(Q),N,T' (522)

Therefore from the definition of R(-,-) given in (5.19) and the equivalence relations (5.21)
and (5.22) we get

(& C
R(v,v) = Y o2Vl =Y 02 > IIVeSFIG or
e e ITDe
CR — CR
= Z Z Uznv% 3,/4,T: Z Z h 21}3”@6 H(Q),H,T
TET, eCOT TET, eCOT
~ B2 olg e = R 0lG
TETh

0

5.2. A stable Decomposition. In this subsection we show that condition (F2) is satisfied

and the main tool is an operator P,};‘ : VhCR — V—’fonf, that will be shown to satisfy certain
approximation and stability properties as stated in the next Lemma.

Lemma 5.4. There exists an interpolation operator P}é : thR — Vﬁconf, that satisfies the
following approximation and stability properties:

Approzimation: (I — Phﬁ)quo,H < Cyhl|log 2ﬁ/h|1/2\|qu17h’,i, Vv e VEE, (5.23)
Lhom voe VIR (5.24)

with constants Cy and Cs independent of the coefficient k and mesh size.

Stability: |Pluly. < Cyl log 20 /h|2||v

The definition of such P,fL and the proof of the above result is given in the Appendix A. We
would like to point out that the operator P}’ZZ is not used in the actual implementation of the

preconditioner B, as is plainly seen from (5.9). However, the operator P,i‘ and its approximation
and stability properties play crucial role in the analysis.

We now discuss and display the main ingredients in the proof of condition (F2), with the
aid of Lemma (5.4). Observe that on the right hand side of (5.23) and (5.24), the bounds are
given in terms of the weighted full H'-norm ||v||1 .. In general, one cannot replace the norm
|vll1,n,k by the energy semi-norm |vl|qp ., unless some stronger conditions on the coefficients
(like quasi-monotonicity) are imposed. To be able to replace the full norm by the semi-norm,

we introduce the subspace VhCR C VhCR:

VEer .= {v e VIR . / vdr =0, Vi€ I} , (5.25)
Q;
where 7 is the set of indexes of the floating subdomains as defined in (5.17). Recall that a floating
subdomain is a subdomain whose boundary does not intersect the Dirichlet boundary. The key
feature of the subspace we have just introduced is that the Poincaré-Friedrichs inequality for
the nonconforming finite element space [36, 17] holds on each subdomain, and this allows us to
replace the full norm ||v||1 5, by the energy semi-norm |v|y ., for any v € VhCR. We should
remark that the condition on the average, i.e. le vdx = 0, is not essential; other type of
conditions could be used (see [69]) as long as they allow for the application of a Poincare-type
inequality.
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At this point we would like to mention that the dimension of ‘N/hc R is related to the number
of floating subdomains and in fact, dim(‘N/hC Ry = dim(V,®) — mo. By restricting now the action
of the operator P,? to functions in VhCR, we have the following result, as an easy corollary from
Lemma 5.4.

Corollary 5.5. Let VhCR C VhCR the subspace of the Crouziex-Raviart finite element space, as
defined in (5.25). Then, there exist an operator Phﬁ : VhCR — Vfonf that is stable in the weighted

H'-broken semi-norm:
|Prolys S [log 2k /b o]y py , Vo € VER,
and satisfies the following approximation property:

(I = PMYollo < Bl log2h/h" 201, Yov e VEE.

~

Proof. The proof follows from Lemma 5.4 together with a standard application of the Poincare-
Friedrichs type inequalities inequality for nonconforming functions, which allows for bounding
the norm ||v||1 4, by the semi-norm |v|; p .. In fact, from the definition of ||v||1 4 :

[|v] ih,n = Z v |ih7n,Qi = Z (HHUH(Q),Qi + ”|U|ih,Qi)
0,C0 i¢T
+> (Blvlg o, + 81V 4, -
ieT

For the terms in both sums above, one can apply Poincare-Friedrichs type inequalities. In the
first sum above, for i ¢ 7 each subdomain touches the boundary, and hence ||v||o.0, < Cp|v|1,n.0;-

For the terms in the second sum, since v € VhCR are functions with average zero on (;, we have
[vllo0; < Cplvlina,, i € L. O

Remark 5.6. In particular, if we consider the case when the ratio E/ h is a fixed constant (e.g.
h = h) then the approximation and stability properties are:

17 = Byvllows < Clog (2)hlvline < hlvlipe,

~

|Plvl1 . < Clog (2) 0]k S [0]1hw-

With the aid of the result in Corollary 5.5, we are able to show that the stability condition
(F2) holds for functions from the subspace V,C%.

Lemma 5.7. For anyv € ‘N/hCR the stability condition (F2) holds, namely, there exist a constant
co >0 and a function x = P(v) € Vﬁconf such that

2h
R(U - X,V — X) + a(X’X) S CO|U|%,h,nv Co = C(]' + log ?) . (526)

Proof. Given any v € VhCR, let x € Vfonf be defined as y := thv. Taking into account the

approximation property of P,? (with h= h) given in (5.5) together with Remark 5.6, we have

= h
o SH2 v = Pyvllg s S 10fE e = Ao(v,0).

0,){ ~

R(v—x,v—x) Sh?v—x|

The proof is now complete by using the stability of P,?v given in Corollary 5.5;
a(x,x) = |Pofi . S [log 2h/hllvf} . = |log 2h/h| Ao (v, v).

We have now all ingredients to complete the proof of Theorem 5.2.
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Proof of Theorem 5.2. To estimate the maximum eigenvalue of BA(()J RBlet y € VhC and v € VhCR
be arbitrary. We set v9 = (v — x), and hence v = vy + x. Applying the Cauchy-Schwarz
inequality, the arithmetic-geometric inequality, and (5.20) then yields

Ao(v,v) = Ag(vo + X, v0 + x) = Ao(vo,vo) + Ao(x;, x) + 2.A0(vo, X)
< 2A0(vo, vo) + 2A40(x; X) < c1 (R(vo, vo) + alx, X)),

Since x € Vﬁconf was arbitrary, taking the infimum with respect to y and using the definition of
(B~1v,v) (5.18) shows that
Ao(v,v) < (B™ 1w, v).
This guarantees that the maximum eigenvalue )\max(BAOCR) < ¢ is uniformly bounded inde-
pendently of the coefficient and the mesh size.
For the lower bound, by Lemma 5.7 we have that for any v € IN/hCR with x, = Phﬁv we have

R(v = Xo, v = X0) + [XolT < colv]} e = codo(v,v).

Then by the minimaz principle (cf. [52, §90], [6, Lemma 3.13] or [46, Theorem 8.1.2]) and
noticing that dim(V,¢?) = dim(V,°%) — mg, we have Apy11 > c;'. Therefore, the effective
condition /Cpny11(BAST) can be bounded by

Kmg+1(BAS®) < cocy,
with ¢p given in (5.26). This completes the proof. O

Remark 5.8. All the results that we have proved above also hold for R~! defined by the sym-
metric Gauss-Seidel method. This follows from the fact that the bilinear forms R(:,-) defined
via Jacobi or symmetric Gauss-Seidel method are equivalent with constants independent of the
variations in the PDE coefficient. For a proof of such equivalence we refer to [71, Proposi-
tion 6.12] or [81, Lemma 3.3]. Thus, the two level (and also multilevel) preconditioners that use
Jacobi or Gauss-Seidel as smoother are equivalent and hence all the results here stated for the
Jacobi smoother also hold for the symmetric Gauss-Seidel smoother.

5.3. Multilevel Preconditioner for Ay(-,-) on VhCR . We now introduce multilevel precon-
ditioner, using the two level theory developed before. The multilevel preconditioner corresponds
to replacing [A®]™! in (5.13) with a spectrally equivalent operator B¢ : V»}fonf — Vfonf corre-
sponding to the additive BPX preconditioner (see e.g. [13, 14, 77]).

The space decomposition that we use to define the multilevel BPX preconditioner is:

J J+1
VIR =VIR LY Wy => "Wy, (5.27)
j=0 j=0
where we have denoted W; = V}fj?nf (j =0,1,---,J) the nested conforming spaces with mesh

sizes h; = 2/h and Wy = VhCR. Let us also denote by A]C the operators corresponding to the
restrictions of a(-,-) on Wj for j =0,---,J, namely

(AJCUj,wj) = a(vj,wj), VU]‘ € Wj, ij S Wj.
Without loss of generality, we assume that h ~ 277, and therefore |logh| ~ J. Then the

operator form of the multilevel preconditioner is:

J+1
Bur: VPR = ViER By = [A§]7'Q6 + ) R;'Q; (5.28)
j=1
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Here Q) : VhCR — Wj is the Lo-orthogonal projection on Wj, j = 0,...,J and we set Q ;41 = 1.
We use exact solver on the coarsest grid. With all this notation in hand one can prove that

J+1
(BﬁlLU»U) = Jj{lf a(wo, wo) + Z Rj(wj,wj)| . (5.29)
g W= =

Here R;(-,-), j =1,...,(J + 1) correspond to Jacobi or symmetric Gauss-Seidel smoother and
the proof of (5.29) is similar to the proof in the two level case.
Let us recall two results that we need later in our convergence analysis.

Lemma 5.9 ([78, Lemma 4.2]). Let R;(-,-) be a Jacobi or the symmetric Gauss-Siedel smoother
for the solution of the discretization (5.6) on W; space. Then,

a(w,w) S Rj(w,w) S h;*|wlf, YweW;
We also need the following strengthened Cauchy Schwarz inequality.

Lemma 5.10 (Strengthened Cauchy Schwarz, cf. [77, Lemma 6.2]). Let j =0,1,---,J—1 and
Jj <1< J there exists a constant v € (0,1) such that

a(w;, wj) S vlfj(hl_lleHoﬁ)(hj_lej lok), Yw, €W, and wj € Wj. (5.30)

The main result of this section is the following:

Theorem 5.11. Let By, be the multilevel preconditioner defined in (5.28) and let mo denote
the number of floating subdomains (the cardinality of the set T defined in (5.17)). Then, the
following upper bound can be given for the effective condition number Kpy,+1(BuyrA§T) for the
multilevel preconditioner Byy,:

King+1(BurA§™) < Cllogh* < |loghf*
where the constant C > 0 is independent of the coefficients and mesh size.

Proof. To estimate the effective condition number, we restrict our considerations to v € VhCR.
We first give a bound on the first relevant eigenvalue Apo41( By A§®). From (5.29) we can see
that to estimate this eigenvalue we need to find a decomposition v = Z}]iol w; which is stable.
To simplify the notation we set P; := P:j : VhCR — Wj, for j =0,...,J,and Py = I, and
P_; =0. Then for any v € ‘N/hCR, we set

J+1 J
v = Z(P] - Pj_l)v = ij, where w; = (Pj — Pj_l)v.
7=0 7=0

Clearly, w; € Wj for j = 1,---,(J + 1) and wg = Pov € Wy. Now we show that this de-
composition is stable, namely that exist Cy > 0 such that for all v € VhCR decomposed as
above,
J+1
a(wg, wo) + Z’R,j (wj,wj) < CFAu(v,v) , (5.31)
j=1
To estimate R j11(wj41,wsr1) we use (5.20) from Lemma 5.3, together with the approximation
result (with h= h) from Corollary 5.5 and Remark 5.6. Then by the triangle inequality, with the
approximation and stability estimates of P; from Corollary 5.5, and the fact that log h;/h ~ j,
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gives
J+1 J+1
a(wo, wo) + Y Ry(wjwy) S [P, + D hiAI(Py — Pia)vlld,
J=1 Jj=1
J+1
< \POU\%,H,Q +2 Z h_sz — PijaH
j=1
J+1
S e [og 2| S PJulf . = Ao(v,v) |
j=1

Hence, (5.31) is shown with C2 = J? ~ |log h|?, and 50 Apes1(Byp AST) > C 2.
We next give a bound on Apaz (Byp AST). Let v € Wiy = VhCR be arbitrary and {w]}“”r1 be

any decomposition of v, namely v = Z‘H& wj, with w; € W;. By strengthened Cauchy-Schwarz

inequality, we have

J+1 J+1

Ao(v,v) = ZwJ,ij <3| Ao(wyt1, wis1) + alwo, wo) + a ZwJ,ij

JJ
= 3| Ao(wyi1,ws41) + alwo, wo) ZZ (wi, wy)

By Lemma 5.9, the equivalence (5.20) and noticing that the spectral radius of the matrix

(’y‘i_j|)J><J is uniformly bounded by (1 —v)~! we get:
-1 J
Ao(v,0) S Rypr(wrp,wrsr) + alwo,wo) + > A (b lwillox) (hj_lejHO’”>
i=0 j=1
J
< O | R(wysr, wyt) + alwo, wo) + Z Rij(w;, w;)
=1

Since the decomposition was arbitrary, taking the infimum over all such decompositions together
with (5.29) then gives

Ag(v,v) < Cl(Bl\_/Iiv,v), Yo € VhCR,
which shows that )\max(BMLAg Ry < €1, and the proof is complete. O

Remark 5.12. Similar results hold also for the multiplicative multilevel methods such as the
V-cycle and these results can be easily derived from estimates comparing multiplicative and
additive preconditioners given in [50, Theorem 4] or [27, Theorem 4.2].

6. SOLVERS FOR IP-1 METHODS

We now introduce the different iterative methods for the solution of (2.5). As we will see,
most of these methods are based on the methods constructed previously for the solution of (2.9).
We begin by describing the general setting for the construction of the solvers. In all cases, we
follow the ideas from [9], and we will focus on the construction of a preconditioner (iterator)
denoted by BPY. For simplicity we consider the following linear iteration:

Algorithm 6.1. Given initial guess ug, for k = 0,1... until convergence:

1. Set e, = BPY(f — Auy);
2. Update ug+1 = ug + ey, .
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Here A is the operator associated with to the bilinear form of any of the IP-1 methods.
We next discuss the construction and properties of the preconditioner (iterator) BP¢ for
symmetric and non-symmetric methods.

6.1. Solvers for the STPG method. For the STPG method (# = —1 in (2.5)), BP¢ is used
in the PCG algorithm as a preconditioner. From the spectral equivalence between A(-,-) and
Ap(+, ) given in Lemma 2.2, it follows that any of the preconditioners designed for Ay(-,-) result
in an efficient solver for A(-,-). In particular, due to the block diagonal form of Ay, we focus
on block-Jacobi preconditioners. We denote by R* and [R§] the operator corresponding to the
diagonal of A(-,-) and Ay(-, -), respectively restricted to Z3. Using the decomposition (3.3) from
Proposition 3.1, we now define the following preconditioners:

Block-Jacobi: BPG := [R*]~! + BQCR | (6.1)

Block-Jacobi for Ag: BPC := [RZ]™! + BoQC" . (6.2)

Here QCF . VPG — VhCR is the Ls-orthogonal projection on VhCR. Here By = By, as defined

in (5.28) and B refers to the corresponding multilevel preconditioner for the symmetric SIPG-1
method (i.e., including the jump-jump term).

The next result is a simple consequence of the analysis given in the last two sections (Theorems
5.2 and 5.11) together with Lemma 2.2:

Theorem 6.2. Let BPC be the preconditioner defined through either (i) or (ii). Let mq denote

the number of floating subdomains. Then, the following estimate holds for the effective condition
/Cm0+1 (BDGA)

Kmo+1(BPYA) < Clloghl® < |logh|®,

where s = 0 for the two level method and s = 2 for the multilevel method. The constant C > 0
above is independent of the variation in the coefficients and mesh size.

6.2. Solvers for the non-symmetric IIPG-1 and NIPG-1 methods. We now discuss two
possible choices for the preconditioner (iterator) B”Y for solving the non-symmetric methods.
Since the operator notation is convenient in describing these preconditioners, for a given A(-, -)
(corresponding to either IIPG-1 or NIPG-1 discretization) we define the operator A : VP¢ —
VPG in a standard way:

(Av,w) := A(v,w), YveVPY vuweVvPC, (6.3)

6.2.1. Preconditioning with the symmetric part of A(-,-). The first preconditioner we
consider is the inverse of the symmetric part of A, and is defined as follows:

BPG .= Agl, where

(Agv,w) := %[A(v,w) + A(w,v)], Yo e VP wvweVvPC (64)
We note that from this definition and (2.15), we immediately have that Ag is symmetric and
positive definite and hence defines a norm, which we will refer to as the Ag-norm and denote as
| - ||ag- We briefly discuss and justify now why the results given in [9] can be extended to the
jump coefficient problem and henceforth applied to the present situation. We mainly focus on
the ITPG method since the convergence results for NIPG can be deduced by little modification
of those for IIPG. We state the following result (which is an extension of [9, Theorem 5.1] to
the model problem (1.1), and show uniform convergence of the linear iteration in Algorithm 6.1
with iterator BP given by (6.4)):
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Theorem 6.3. Let o* be a fived value of the penalty parameter for which the IIPG-0 bilinear
form (2.9) Ao(-,-) is coercive. Let A(-,-) be the bilinear form of the IIPG-1 method (2.5) with
penalty parameter o > 4a*. Let BPG = Ab?l be the iterator in the linear iteration 6.1 and let
uk and uk4+1 be two consecutive iterates obtained via this algorithm. Then there exists a positive
constant A < 1 such that

lu —ugy1llpe < Allu — ugllpe - (6.5)

We notice that the convergence is guaranteed under a technical (but mild) restriction on the
penalty parameter, namely it should be greater than 4a.

A basic step in the proof of the above Theorem is to provide a uniform bound for the skew-
symmetric part of A(-,-), since ([BP%]~lu,w) — A(u,w) = ((As — A)u,w)). This can be done
proceeding exactly as in [9, Lemma 5.6], only notational changes are involved. In the end, the
result relies on two ingredients: a strengthened Cauchy-Schwarz inequality that measures the
angle between the two spaces in the decomposition, namely Zz and VhCR, and a simple Lemma
that uses this strengthened Cauchy-Schwarz inequality to give a further bound for the term
Ao(z,v) , z€ 25, v € VhCR. This is the step that gives rise to the technical condition on the
penalty parameter. Here the key result is the fact that the functions in Zg are orthogonal with
respect to the inner product defined by Ag(-,); or, equivalently, that the associated stiffness
matrix A§® is diagonal. This key result is given in Lemma 4.4 for the jump-coefficient problem.
We point out that the proofs of the Cauchy-Schwarz inequality and the simple Lemma mentioned
above can be carried out exactly as in [9, Lemma A & Lemma 5.1], respectively, with only small
changes in the notation. As such, we omit these proofs here.

6.2.2. Block Jacobi preconditioner. The second choice is simpler to implement and requires
less computational work to apply. It is defined below, and is naturally referred to as a block
Jacobi preconditioner.

BPG .= Dgl, where
(Dsv,w) := (Ds(v“" + ¢%), w " + ¢*) := (Asp®, ¢*) + (Asv", wF).

In the definition of Dg here we have set v € VPE v = v“F 4 ©* and w € VPE w = wOE 4 97,
and v“f, »* wWCE, and ¥* are the components from the decomposition (3.3). As is easily seen
from the definition, Dg is the block diagonal of Ag. The corresponding matrix form of Dg
is denoted by Dg. According to the theoretical results stated and proved in Section 4 and in
Section 5, we can solve a linear system with respect to Dg efficiently. We do not present a
similar result here for the preconditioner BP¢ given in (6.6). Although plausible, proving such
a result does not appear to be straightforward; such estimates are the subject of current and
future research. We refer to the numerical experiments Section 7 for further discussion and a
comparison of the two preconditioners.

(6.6)

7. NUMERICAL EXPERIMENTS

We consider the model problem (1.1) in the square Q = [—1,1]? with coefficients:
_ 2 2
() = { 1.0, Vz € [-0.5,0]2U[0,0.5]

€, elsewhere.

In all of the following experiments, € varies from 10~ up to 10°, covering a wide range of vari-
ations of the coefficients. In the experiments, we consider uniform refinement with a structured
initial triangulation on level 0 with 32 elements and mesh size h = 27!. This initial mesh
resolves the jump interface of the coefficients. Each refined triangulation is then obtained by
subdividing each element of the previous level into four congruent elements. The number of
degrees of freedom Ny in the DG discretizations on each level satisfies Ny = 4N for £ = 0,1,2,3
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with Ng = 96. For convenience a list of all tables that we have used below and the corresponding
preconditioners is given in Table 7.1.

Table Methods
7.2 two level preconditioner for the CR problem
7.3 Diagonal preconditioner for the Z part in SIPG discretization
7.4 || Diagonal preconditioner for the Z part in NIPG discretization
7.5 BPY preconditioner for SIPG discretization
7.6 A-norm of E = (I — Ag' A) for IIPG with K = 1,2
7.7 A-norm of E = (I — Ag'A) for IIPG with K = 4,8
7.8 A-norm of E = (I — Dg' A) for IIPG with K = 4,8, 16
7.9 A-norm of E = (I — Ag'A) for NIPG with K = 1,2
7.10 A-norm of E = (I — Ag'A) for NIPG with K = 4,8,16
7.11 A-norm of E = (I — Dg'A) for NIPG with K = 4,8, 16
7.12 GMRes with preconditioner A5 for IIPG
7.13 GMRes with preconditioner Agl for NIPG

TABLE 7.1. List of Tables. In the list we refer to several operators: list refers
to BPY defined via (6.1); A, defined via (6.3); As and Dg, defined via (6.4) and
(6.6).

We have used the basis (3.4)-(3.5) for our numerical tests (for all of the IP discretiza-
tions). Whenever we have used preconditioned CG or preconditioned GMRES, the iterations
are stopped when the initial residual is reduced by seven orders of magnitude: namely, if rq is
the initial residual and r* is the residual at iteration £, the iteration process (PCG or precon-
ditioned GMRES) is terminated at iteration & if ||7*||s, /||7%]l¢, < 1077. For the non-symmetric
discrete schemes (NIPG and IIPG), we have used GMRES with restart at every 10 iterations,
and the maximum number of iterations is set to 30. The experiments were carried out on an

IMAC (OS X) with 2.93 GHz Intel Core i7, and 8 GB 1333 MHz DDR3.

7.1. Solver for IP(/5)-0 method. We first consider IP(/3)-0 method. For this set of experi-
ments we have set the penalty parameter o = 8. We use algorithm 4.1 given in Section 4 to solve
the linear system arising from the IP(/)-0 discretization. Due to the block structure(4.1) of A
(matrix representation of Ap in the basis (3.4)-(3.5)) we only need to numerically verify the
effectiveness of the solvers for each block; Aj¥ and A§*. Recall that for any choice of § = 0, 1,
the block Af” is the same (since it is the stiffness matrix of the Crouzeix-Raviart discretization
(5.1)), while the block A§* is different for different values of 6.

The system A§ arising from the restriction of Ag(-,-) to the Crouziex-Raviart space is solved
by a PCG algorithm with the two level preconditioner defined in (5.9). For the two level
preconditioner we use two symmetric Gauss-Seidel steps as smoother. In Table 7.2 we re-
port the estimated condition number K(BA{") and the effective condition number (denoted by
K1(BAgY)). Observe that the estimated condition number IC(BAY) deteriorates with respect
to the magnitude of the jump in coefficient. In contrast, and as predicted by our theory, the
effective condition number (BA{Y) is uniformly bounded with respect to both the mesh size
and the jump of the coefficient, as predicted by Theorem 5.2. To explain the deterioration of
K(BAJY) with respect to the jump in the coefficient, we have shown in Figure 7.1, the spectrum
of the preconditioned system for ¢ = 107 and the mesh size h = 275. Note that there is only
one (very small) eigenvalue close to zero (which may be related to the fact that there are only 2
different values for the coefficients). The systems corresponding to A§* are solved by a PCG al-
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FIGURE 7.1. Eigenvalue distribution of BA{" for € = 107° and h = 27°.

gorithm using its diagonal I, as a preconditioner. The estimated condition numbers of D; 1AZ?
for Type-0 SIPG(S) and NIPG(f) discretizations are reported in Table 7.3 and Table 7.4, re-
spectively. Observe that the condition numbers of D; 'AZ* are uniformly bounded and close to
1, which confirms the result established in Lemma 4.3; i.e., that A§® is spectrally equivalent to
its diagonal.

7.2. Solvers for SIPG(S)-1. We now study the effectiveness and robustness of the proposed
solvers for the SIPG-1 discretization. As before, we have set the penalty parameter o, = 8 in
(2.5) for this set of experiments. We consider the BP® defined via (6.1) in Section 6.1. The
matrix form of this preconditioner is denoted BPY.

Table 7.5 gives the estimated condition numbers of K(BPA) and the number of PCG iter-
ations required for convergence. As can be seen from these two tables, the condition numbers
of the preconditioned system deteriorate rapidly when e becomes smaller. In the same table
we give the effective condition numbers K1 (BP%A), and observe that the effective condition
numbers are nearly uniformly bounded with respect to the coefficients and mesh size. These
results verify the theory predicted by Theorem 6.2.

7.3. Solvers for Nonsymmetric IP(/3)-1 Methods. We now present some numerical tests
for the nonsymmetric IP(3)-1 methods: IIPG(f)-1 and NIPG(/5)-1. We consider the linear
iteration given in 6.1 with the iterator BPY as defined in (6.4). As we shall see, the perfor-
mance of the preconditioners depends on the value of the penalty parameter. All the tests are
computed with a = Ka*, with o* given at the beginning of §7.3. The value of o is close to
the smallest value required for ensuring positive semi-definiteness of the symmetric part of A.
In the experiments, we take K = 1,2, 4,8, 16.

Since our examples involve a fixed domain (unit square), the value of o* can be well approxi-
mated. For the ITPG(f3)-1 discretization with mesh size h = 27! we take a* = 0.9. For all other
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(a) e<1
levels 0 1 2 3
€ h 9T 92 23 91
10— | KBAG") [ 5.49-+04 (18) [ 4.65¢+04 (24) | 3.79+04 (26) | 3.24e+04 (26)
/Cl(IEBASU) 4.71 4.01 3.6 3.47
Lo | K(BAE") [[5.49¢-+03 (16) | 4.66e-+03 (23] | 3.79¢+03 (23) | 3.25¢+03 (24)
K1(BAZY) 471 4.01 3.6 3.47
o3 | KBAY") 551 (15) 469 (20) 383 (21) 328 (21)
K1(BALY) 4.69 4 3.6 3.47
o2 | KBAY) 57.2 (14) 195 (18) 1.2 (19) 36.2 (19)
K1(BAZY) 4.52 3.95 3.57 3.44
o1 | K(BA) 7.63 (13) 7.34 (16) 6.71 (17) 6.47 (17)
K1(BAZY) 3.48 3.54 3.32 3.27
(b) e>1
levels 0 1 2 3
¢ h 5T 92 53 51
|| KBAG") 258 (11) [ 2.7 (12) | 2.79 (13) | 2.94 (14)
Ki(BAGY) || 2.36 2.56 2.56 2.69
Lo | K(BAG") 313 (10) | 4.62 (15) | 485 (16) | 5.06 (16)
/Cl(IBASU) 2.16 3.51 3.41 3.4
Loz | KBAGT) 373 (11) [ 6.06 (16) | 7.13 (17) | 8.3 (18)
K1(BAZY) || 3.36 3.8 3.68 3.66
Lo+ | KBAG) [73:8(11) | 63 (16) | 7.5 (18) | 9.02 (18)
K1(BAY) || 3.39 3.84 3.71 3.69
Lot | KBAY) [ 38 (11) [ 632 (16) | 7.50 (18) | 9.09 (19)
K1 (BAGY) 3.4 3.84 3.71 3.69
107 | K(BAG") [[38L(11) [ 633 (16) | 7.6 (18) | 9.1 (20)
K1(BAZY) 3.4 3.85 3.71 3.69

TABLE 7.2. Estimated condition numbers IC(BA{”) (number of PCG iterations)
and effective condition numbers i (BAGY) for the block Af¥ in algorithm 4.1.

mesh sizes that we use in our numerical tests below (e.g. h =272 h =273 or h = 27%) we take
o =1.3.

To verify the theory for Algorithm 6.1 with the symmetric part of A as an iterator, (6.4), we
have computed the A-norm of the error propagation operator. We denote this operator here
with £ and define it in a usual manner:

E=1-BP%A=1-A5'A

Below, we have tabulated || E ||?45 for several values of the parameters of interest (e.g. €, mesh
size, penalty parameter). This norm gives us the contraction number of the linear iteration in
Algorithm 6.1. That is, the estimate in Theorem 6.3 holds with A = HEH%S This norm is
computed as the maximum eigenvalue of the generalized eigenvalue problem given below:

(I — BPCA)T Ag(I — BPC A)u = MAgu,

where the corresponding definition of the operators A, Ag, Dg and the preconditioners
was given earlier in (6.3), (6.4), and (6.6) respectively. For the ITPG-1 method, the Ag-norms
of the error propagation operator with preconditioner (6.4) and (6.6) are given in Tables 7.6
and in Table 7.7, for the different values of K. Notice that for K =1 (Table 7.6) the iteration

BDG
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(a) e<1
€
levels | h 10° [ 100" [ 10° [ 1072 [ 1077
0 [2 '] L73(14) | L73 (14) | .73 (12) | L.73 (11) | L.73 (10)
T[22 ([ 172 (15) | 172 (14) | L.72 (13) | L.72 (12) | L.72 (10)
5 (27| 172 (15) | 172 (14) | L72 (13) | L72 (11) | L.72 (10)
3 [ 2 T 1.72 (15) | L.72 (13) | 172 (12) | 1.72 (11) | L.71 (10)
(b) e>1
€
levels | h 1 | 107 10> [ 10° [ 10" | 10°
0 |2 '] L73(9) |L1.72(10)] 1.73 (11) | L.73 (12) | L.73 (13) | L.73 (13)
T (22172 (10) | 172 (10) | 172 (11) | L72 (12) | L.72 (13) | 1.72 (14)
5 [ 2% ([ 1.71 (10) | 1.7 (10) | L.72 (11) | 171 (12) | L.72 (14) | 1.72 (15)
3 |2 7| 1.71 (10) | 1.69 (10) | 1.69 (11) | 1.69 (12) | 1.7 (14) | 1.69 (16)

TABLE 7.3. Estimated condition numbers K(D;1AZ*) (number of PCG itera-

tions) for the block A§* in Type-0 SIPG(/3) discretization.

(a) e<1
levels | h 1007° | 107% ] 1(6)_d | 102 [ 1077
0 |2 [ 14(12)] L4(12) | 14 (10) |14 (10)| 14 (3)
1 |22 14 (12) | 14 (1) | 1.4 (10) | 1.4 (10) | 1.4 (9)
5 [2% 1.4 (12) | 1.4 (11) | 1.4 (10) | 1.39 (9) | 1.39 (9)
3 |27 1.4 (12) | 1.39 (11) | 1.39 (10) | 1.39 (9) | 1.38 (8)
(b) e>1
levels | h 1 | 10" [ 107 \6 10° [ 10" | 10°
0 [2 1] 14(7) | 14(8) | L4(9) | 1.4 (10) | 1.4 (11) | 1.4 (11)
T[22 1.39(8) | 133 (3) | 1.38 (9) | L.38 (10) | L4 (11) | L4 (12)
2 | 277 || 1.39 (8) | 1.37 (8) | 1.36 (9) | 1.35 (10) | 1.35 (12) | 1.35 (13)
3 2 %[ 1.38(8) | 1.36 (8) | 1.35 (9) | 1.34 (10) | 1.35 (12) | 1.35 (13)

TABLE 7.4. Estimated condition numbers K(D;1AZ*) (number of PCG itera-

tions) for the block A§* in Type-0 NIPG(/) discretization.
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with BPG = A§1 is not convergent in Ag-norm. For K > 4 (as required by our theory for Ag)
we have a convergent algorithm. As expected, (6.4) converges faster for larger a.

The same set of experiments is performed for the NIPG discretization. The estimates for
the A-norm of the error propagation operator corresponding to the iterator (6.4) are given in
Tables 7.9 and 7.10. As can be observed from these numerical results, a larger value of K (and so
of the penalty parameter) is needed than the one for the IIPG in order to produce a convergent
From the results reported in the tables, it can be observed that (provided
K > 4 for IIPG and K > 16 for NIPG) the number of iterations required for convergence does

linear iteration.
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(a) e<1
. levels 0 1 2 3
h 27T 272 273 27
105 K(BPEA) [ 2.85e+04 (44) | 3.37e+04 (44) | 3.1e+04 (46) | 2.85e+04 (46)
K1(BPCA) 6.27 6.33 6.45 6.49
10-4 KBPCA) || 2.85e+03 (37) | 3.37e+03 (38) | 3.1e+03 (39) | 2.86e+03 (40)
K1(BPCA) 6.26 6.32 6.45 6.48
10-3 K(BPEA) 288 (33) 340 (34) 313 (34) 289 (32)
K1(BPEA) 6.24 6.3 6.42 6.46
102 K(BPEA) 32 (27) 37 (28) 34.5 (28) 32.3 (27)
K1(BPCA) 6.08 6.1 6.21 6.25
10-1 K(BPCA) 7.25 (22) 7.33 (22) 7.21 (22) 7.13 (22)
K1 (BPEA) 5.62 5.6 5.71 5.73
(b) e>1
. levels 0 1 2 3
h 271 272 273 214
. KMBPEA) [[ 5.53 (19) [ 5.76 (20) | 5.8 (20) [ 5.83 (20)
K1(BPCA) 5.17 5.45 5.46 5.46
10! KBPEA) | 6.66 (22) | 7.16 (23) | 7.16 (23) | 7.43 (23)
K1(BPCA) 5.91 6.2 6.25 6.27
102 KMBPEA) || 6.88 (25) | 8.65 (27) | 10.3 (27) | 12 (28)
K1(BPGA) 6.32 6.48 6.55 6.55
107 KBPEA) | 6.38 (27) | 8.98 (30) | 11.1 (31) | 13.5 (32)
K1(BPCA) 5.51 6.53 6.59 6.59
10t KBPEA) [/ 6.91 (30) | 9.02 (33) | 11.2 (35) | 13.7 (36)
K1(BPCA) 6.38 6.54 6.6 6.59
105 KMBPEA) || 6.91 (33) [ 9.02 (36) | 11.3 (39) | 13.8 (40)
K1(BPCA) 6.38 6.54 6.6 6.59

TABLE 7.5. Estimated condition number (BPYA) (number of PCG iterations)
and the effective condition number KC; (BPEA).

not grow with respect to the mesh size or the coefficient jump and that & = I — AglA is uniform
contraction for such values of K.

Similar results hold for the block Jacobi preconditioner BP¢ = Dgl described in§6.2.2. From
the rates presented in Table 7.8 and in Table 7.11 one may conclude that for the linear iteration
with the block Jacobi preconditioner Dg, the error propagation operator £ = [ — D§1A is a
uniform contraction in the Ag-norm. The numerical tests indicate that such estimates on the
rate of convergence hold for sufficiently large values of K (same values as for the preconditioning
with the symmetric part Ag) and for both IIPG and NIPG discretizations.

Once we have numerically verified that the linear iteration converges (provided K > 4 for
IIPG and K > 16 for NIPG), we test the use of Agl as a GMRES preconditioner. We have
shown the number of GMRES iterations required for convergence for different values of K with
the preconditioner given by (6.4) in table 7.12. The symbol x in Table 7.12 means that GMRES
fail to converge with these parameters for > 30 iterations. It is clearly seen that preconditioned
GMRES converges uniformly with respect to the mesh size and robust with respect to the jump
in the coefficient, provided that K > 4 for IIPG and K > 16 for NIPG.
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(a) HEH%S for ITIPG: a. = ™

levels | h

€
10°[10 7 [10°[10 2[10 " | 1 [10" [10% [ 10° [ 107 [ 10°

0 2-1 2.5 2.5 2.5 2.5 25 125124124124 124|24

1 272 1.0 1.0 1.0 1.0 1.0 |1.1)10| 10| 10| 10|10

2 273 1.2 1.2 1.2 1.2 1.2 1121212 12|12 |12

(b) |E|%, for IIPG: ae = 2a*

levels | h

€

10°[10"[10°[10 210 '] 1 [ 10" [ 10* [ 10° [ 10" [ 10°

0

0.53 | 0.53 | 0.53 | 0.53 | 0.53 | 0.53 | 0.51 | 0.52 | 0.52 | 0.52 | 0.52

033 | 0.33 | 0.33 | 0.33 | 0.34 | 0.34 | 0.33 | 0.34 | 0.34 | 0.34 | 0.34

0.37 | 0.37 | 0.37 | 0.37 | 0.37 | 0.37 | 0.36 | 0.37 | 0.37 | 0.37 | 0.37

21
1 22
2 2-3
3 2-1

0.39 | 0.39 | 0.39 | 0.39 | 0.39 | 0.39 | 0.38 | 0.39 | 0.39 | 0.39 | 0.39

TABLE 7.6.

Norm of the error propagator E = (I — A§1A) for A corresponding

to IIPG discretization, with: (a) a. = o* and (b) a. = 2a*.

(a) |E||%, for IIPG: a; = 4a*

€
levels | h 107 ‘ 10~% ‘ 1073 ‘ 10~2 ‘ 1071 ‘ 1 ‘ 10T ‘ 102 \ 103 \ 107 \ 10°
0 2-T1102071 0207020702002 [020]019]0.19]0.190.19 ] 0.19
1 27211 014 | 0.14 | 0.14 | 0.14 | 0.14 | 0.14 | 0.14 | 0.14 | 0.14 | 0.14 | 0.14
2 2-3110.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.15 | 0.15 | 0.16 | 0.16 | 0.16 | 0.16
3 2=%411 0.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.16
(b) |E|%, for IIPG: e = 8a*
€
levels | h |[T0°[10 *[10°[10 2[10 "[ 1 [ 10" [ 10% [ 10° [ 107 | 10°
0 2=1770.09 [ 0.09 [ 0.09 [ 0.09 [ 0.09 [ 0.09 [ 0.09]0.09]0.09]0.09 [ 0.09
1 2=2 1 0.07 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07
2 273 1°0.07 [ 0.07 | 0.07 | 0.07 | 0.07 | 0.07 ] 0.07[0.07]0.07 [ 0.07 | 0.07
3 2=4 1 0.08 | 0.08 | 0.08 | 0.08 | 0.08 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07 | 0.07
TABLE 7.7. Norm of the error propagator £ = (I — AEIA) for A corresponding

to IIPG discretization, with: (a) ae = 4a* and (b) o, = 8a*.
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We conduct the same set of experiments for NIPG(/3) discretization. The number of GMRES
iterations required for convergence for different values of K with the preconditioner (6.4) is
shown in Table 7.13. Clearly with such a preconditioner the GMRES method is uniformly
convergent with respect to the problem parameters for K > 16.
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(a‘) ||EH124S for IIPG: Qe = Ao

€
levels | h |[T0°[107[10°[102[10 | 1 [ 10" | 10° | 10° [ 10" | 107

0 21 0.81 | 0.81 [ 0.81 | 0.81 | 0.80 | 0.80 | 0.80 | 0.80 | 0.80 | 0.80 | 0.80
1 2721/ 0.67 | 0.67 | 0.67 | 0.67 | 0.67 | 0.67 | 0.67 | 0.67 | 0.67 | 0.67 | 0.67
2 273 1] 0.68 | 0.68 | 0.68 | 0.68 | 0.68 | 0.68 | 0.68 | 0.68 | 0.68 | 0.68 | 0.68
3 2741 0.68 [ 0.68 | 0.68 | 0.68 [ 0.68 [ 0.68 | 0.68 [ 0.68 | 0.68 | 0.68 | 0.68

(b) ||EH,243 for IIPG: a. = 8a*

€
levels | h |[[T0°[10*[10°[10 2[10 ' | 1 [ 10" | 10° | 10° [ 10% | 107

0 27111059 | 0.59 [ 0.59 | 0.59 | 0.59 | 0.58 | 0.58 | 0.58 | 0.59 | 0.59 | 0.59
1 2721/ 0.55 [ 0.55 | 0.55 | 0.55 [ 0.55 [ 0.55 [ 0.55 [ 0.55 | 0.55 | 0.55 | 0.55
2 27311 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56
3 2741/ 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.56

(c) |1E|%, for IIPG: ae = 160"

€
levels | h |[[T0°[107[10°[102[10 | 1 [ 10" | 10° | 10° [ 10" | 107

0 2711 052 | 0.52 [ 0.52 | 0.52 | 0.51 | 0.50 | 0.50 | 0.50 [ 0.50 | 0.50 | 0.50
1 2721051 [ 0.51 | 0.51 | 0.51 [ 0.51 [ 0.51 [ 0.50 [ 0.50 | 0.50 | 0.50 | 0.50
2 2731 0.51 | 0.51 [ 0.51 | 0.51 | 0.51 [ 0.51 | 0.51 [ 0.51 | 0.51 [ 0.51 | 0.51
3 2741051 [ 0.51 | 0.51 | 0.51 [ 0.51 [ 0.51 [ 0.51 [ 0.51 | 0.51 [ 0.51 | 0.51

TABLE 7.8. Norm of the error propagator £ = (I — D§1A) for A corresponding
to IIPG discretization, with: (a) a. = 4a*, (b) a. = 8a* and (c) a. = 16a*. .

APPENDIX A. CONSTRUCTION OF THE TRANSFER OPERATOR P}}LL

We now give the definition of an operator P}}L‘ that will be shown to satisfy the required
approximation and stability properties (5.23)-(5.24). We start by introducing some notation
required for our construction. For a given conforming triangulation 75, we denote by N (T3) the
set of vertices of the partition 7y, and by C(7) the set of barycenters of the elements T € Ty,.
We still denote by &, the set of edges/faces of Tj,. For each vertex p € N, let w), := U T and

T>p
wr = U wp for each T' € 7. Similarly, on the interface O, and O, denote, respectively, the
peT
local patches associated with the vertex p € N and the edge/face e € &, on the interface. We
now start building the operator P”; it is constructed in several steps as the composition of a
particular inclusion operator and the Scott-Zhang quasi-interpolation operator. The first basic
idea is to embed VhCR into a higher order conforming finite element space on the same mesh
Tr. Following [17], we consider the space of piecewise quadratic polynomials on Tj, which we
denote by thonf’Q. To be able to use the results in [17] for the jump-coefficients problem, we

consider this inclusion at the subdomain level. Let E; : V() :— V), °2£2(();) be the inclusion
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(a) |E|I%, for NIPG: a. = o

€
levels | h |[T0°[10 7 [10 710 2[10 " [ 1 [ 10" [ 107 [ 10° [ 107 [ 107
0 J2 2] 27 [ 27 [ 27 | 27 | 27 |27 2727272727
1 [277] 20 [ 20 [ 20 | 20 | 20 [20]20] 20202020
2 27|22 [ 21 [ 21 | 22 | 22 |21 21|21 222222

(b) HEHiS for NIPG: Qe = 2@*

€
levels | h |[107° [10~*[10~° 10~ [10~"[ 1 [ 10" [ 10° [ 10° | 10" | 10°

0 21 1.3 1.3 1.3 1.3 1.3 |13 13|13 |13 | 13| 13
1 27211 0.98 | 0.98 [ 0.98 | 0.98 | 0.99 | 0.99 | 0.97 | 0.98 [ 0.99 | 0.99 | 0.99
2 273 1.1 1.1 1.1 1.1 1.1 1.1 (11|11 |11 ] 11 | 11
3 2—4 1.1 1.1 1.1 1.1 1.1 1.1 (11|11} 11 ] 11| 11

TABLE 7.9. Norm of the error propagator £ = (I — A§1A) for A corresponding
to NIPG discretization, with: (a) ae = o* and (b) ae = 2a*.

operator defined on each subdomain Q; by:
| Z vr(p) VP € N (Th(%)) UC (Th(%)) - (A.1)
“p Tewp

The above definition applies for all interior points p € N (T,(9;)) UC (Tr(9;)). We introduce
the set :; ={T € T, : p € IT and measy_1(0T NOY;) > 0} and we note that the cross-points
do not belong to this set. At the boundary vertices p € 0€);, we define F; in the following way:

Z vr(p) Vp € N (Th(0;)) UC (Th(0%)) .

TEE;

Ei[v(p

(Ev)(p

‘Hp|

Observe that, with this construction, we have that n; = E;v € thonf’Q(Qi) is conforming at each
subdomain. However, the global function 7|q, := n; will generally be multi-valued at the cross
points. The modification of the definition of E; at boundary points is done to guarantee that
the global function 7 will be at least conforming every non-cross point of the partition and so,
in particular, in the interior of the boundary of each subdomain. The next result is taken from
[17], where the author studies uniform preconditioners and solvers for the CR discretization of
the Poisson problem. It guarantees the stability and approximation properties of the inclusion
operator E;. The proof can be found in [17]:

Lemma A.l. There ezists a linear operator E; : V() :— thonf’Q(Qi) defined on each
subdomain Q; such that for any v € V,CF

(i) |Evly g, = |00

(i) [[v—Ewllgq, S vl e,

We note that V%COHf C thonf’2 and therefore a standard restriction operator would allow us
to represent the constructed n as a function in Vﬁconf (except at cross-points). However, to

guarantee that the constructed operator satisfies (5.23)-(5.24), we use the Scott-Zhang quasi-
interpolation operator, again at the subdomain level and also at the interior of the interfaces, say
[ =00;N0Q; i+# j, between any pair of subdomains. We denote by Q; : H(€;) — Vﬁonf(Qi)
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(a) ||EH§§S for NIPG: a, = 4a*

€
levels | h |[T0°[107[10°[102[10 | 1 [ 10" | 10° | 10° [ 10" | 107

0 27111 0.66 | 0.66 | 0.66 | 0.66 | 0.66 | 0.66 | 0.64 | 0.64 | 0.64 | 0.64 | 0.64
1 2721]/0.49 [ 0.49 | 0.49 | 0.49 [ 0.49 [ 0.49 [ 0.48 [ 0.49 | 0.49 | 0.49 | 0.49
2 273 || 0.54 | 0.54 | 0.54 | 0.54 | 0.54 | 0.53 | 0.52 | 0.53 | 0.54 | 0.54 | 0.54
3 2741/ 0.56 | 0.56 | 0.56 | 0.56 | 0.56 | 0.55 | 0.55 [ 0.56 | 0.56 | 0.56 | 0.56

(b) ||EH§!S for NIPG: a. = 8a*

€
10710 2]10 "] T [10' [ 10% [ 10° [ 10" [ 10°

levels | h 10° 107"

0 2=1 11032 ]032]032]032]032][0.32]0.31]0.31]0.31]0.31]0.31
1 27201024 [ 024 [ 024 | 0.24 | 0.24 [ 0.24 | 0.24 [ 0.24 | 0.24 [ 0.24 | 0.24
2 27311 027 | 027 | 0.27 | 0.27 | 0.27 [ 0.26 | 0.26 | 0.27 [ 0.27 [ 0.27 | 0.27
3 27411 0.28 [ 0.28 [ 0.28 | 0.28 | 0.28 [ 0.28 | 0.27 [ 0.28 [ 0.28 [ 0.28 [ 0.28

(c) ||EH,243 for NIPG: a, = 2a*

€
levels | h |[[T0°[107[10°[102[10 | 1 [ 10" | 10° | 10° [ 10" | 107

0 2-11 016 | 0.16 | 0.16 | 0.16 | 0.16 | 0.16 | 0.15] 0.15 ] 0.15 ] 0.15 | 0.15
1 27201012 [ 012 [ 0.12 | 0.12 | 0.12 [ 0.12 ] 0.12 [ 0.12 [ 0.12 [ 0.12 [ 0.12
2 2731014 | 014 | 0.14 | 0.14 | 0.14 [ 0.13] 0.13] 0.13 ] 0.13 [ 0.13 | 0.13
3 2411014 [ 0.14 [ 0.14 | 0.14 | 0.14 [ 0.14 | 0.14 [ 0.14 | 0.14 [ 0.14 | 0.14

TABLE 7.10. Norm of the error propagator £ = (I — AglA) for A corresponding
to NIPG discretization, with: (a) ae = 4a*; (b) ae = 8a*; and (c) a. = 16a*.

the Scott-Zhang quasi-interpolation operator in Q; and we let Qr : L*(T') — V}f"“f(l“) be the
corresponding Scott-Zhang operator on I' C 92;. We now recall the definition and the main
properties of these interpolators. For any p € N (7}1(91)), choose some! T C w,. Let {A\r; :
i=1,---,d+ 1} be the barycentric coordinates of T' and let denote by {67;:i=1,--- ,d+ 1}
its L%-dual basis, i.e., (A1, 01 5)7 = 95 j. Let {¢P}peN(T,~(Qi)) denote the set of nodal basis of

V];fonf(Qi). Then, the Scott-Zhang quasi-interpolation operator is defined by

Qn= > (/T 9p77) bp

PEN (T; (%))

The operator Qr is defined similarly. Both operators enjoy the following approximation and
stability properties:

Lemma A.2. For any n € H'(S;), the quasi-interpolation operators Q; : H () — Vﬁconf(Qi)
and Qr : L*(T') — Vfonf(f‘) with T C 0%Y;, satisfy the following properties:

1Qinllo.r < 1nllowrs  Qinllur S lnllier » [1Lr1llo.r < llnllo.0p - (A.2)
Ih=H(T = Qo S IInll1er » Ih=(1 — Qrn) 10y - (A.3)

0,F Sin

INote that the choice of T is not unique
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(a) ||EH§§S for NIPG: a, = 4a*

€
levels | h |[T0°[10 7 [10 710 2[10 " [ 1 [ 10" [ 107 [ 10° [ 107 [ 107

0 2-1 1.6 1.6 1.6 1.6 16 |16 16|16 16|16 | 1.6
1 272 1.3 1.3 1.3 1.3 1.3 1313|1313 |13 13
2 273 14 14 14 1.4 14 1414|1414 ]14]| 14
3 2-1 14 14 14 1.4 14 1411414 |14]14] 14

(b) ||EH§!S for NIPG: a. = 8a*

€
levels | h |[[T0°[10*[10°[10 2[10 ' | 1 [ 10" | 10° | 10° [ 10% | 107

0 21 1.0 1.0 1.0 1.0 10 | 1.0 | 1.0 | 1.0 | 1.0 | 1.0 | 1.0
1 2721083 ] 0.83 ] 083|083 [ 0.83 [0.83]0.82[0.83]0.83]0.83]0.83
2 27311 0.86 | 0.86 | 0.86 | 0.86 | 0.86 | 0.86 | 0.85 | 0.86 | 0.86 | 0.86 | 0.86
3 2741 0.88 [ 0.88 ] 0.88 | 0.88 [ 0.88 [ 0.88 [ 0.87 [ 0.88 | 0.88 | 0.88 | 0.88

(c) | B4 for NIPG: ae = 160"

€
levels | h |[[T0°[107[10°[102[10 | 1 [ 10" | 10° | 10° [ 10" | 107

0 2711 0.68 | 0.68 | 0.68 | 0.68 | 0.68 | 0.67 | 0.68 | 0.68 | 0.68 | 0.68 | 0.68
1 2721/ 0.60 | 0.60 | 0.60 | 0.60 | 0.60 | 0.60 | 0.60 [ 0.60 | 0.60 | 0.60 | 0.60
2 27311 0.61 | 0.61 | 0.61 | 0.61 | 0.61 [ 0.61|0.61 [ 0.61 | 0.61 [ 0.61 | 0.61
3 2=%1]0.61 [ 0.61 | 0.61 | 0.61 | 0.61 [ 0.61 [ 0.61 [ 0.61 | 0.61 | 0.61 | 0.61

TABLE 7.11. Norm of the error propagator £ = (I — DglA) for A corresponding
to NIPG discretization, with: (a) ae = 40, (b) ae = 8a* and (c) a. = 16a*. .

Furthermore, both operators are linear preserving; i.e. if n € V—ﬁconf(wT), then Q;n(x) = n(x),
and similarly if n € Vfonf(oe), then Qrn(x) = n(x).

We refer to [60, 66] for a proof of the above result.

By using Q; and Qr, we can now define our local interpolation operator P}’:l, for which the
properties (5.23)-(5.24) can be shown. The definition is inspired on the ideas from [15] for the
weighted L2-projection. To define such an operator, we treat the interior of each subdomain and

the interfaces differently. We define the interpolation operator PZL : VhCR — V}iConf as follows:

B Q;FE;v, at vertices inside the subdomain 2,
P/Z’U =<{ QrFE;v, at vertices inside each face I' of the subdomain §2; (A.4)
0, at vertices elsewhere (cross-points).

The next result guarantees that the operator PZ‘ defined above does satisfy the approximation
and stability properties (5.23)-(5.24):

Lemma A.3. For any v € VhCR, the operator Phﬁ : VhCR — Vfonf satisfies
(7= Byvllos S Bllog2h/B1 2 ([v]1pxs (A.5)
[Prvle S [log2h/hY?|[v]l1p - (A.6)
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(a) Preconditioned GMRES for IIPG: a. = *

€

levels | h || 107 [ 107* [ 107® | 1072 | 10" | 1 | 10" | 10? | 103 | 10* | 10°
0 2T X X 6 5 4 13T 3 2 2 2 1
1 2—2 X 6 5 4 3 21 2 2 2 2 2
2 273 X X 5 4 3 [3] 2 2 2 2 2
3 2-1% X x 5 4 3 3] 2 2 2 2 2

(b) Preconditioned GMRES for IIPG: a. = 2a*

€

levels [ h || 107 | 107* | 107® [ 1072 | 10! | 1 | 10" | 10? | 10° | 10* | 10°
0 [271] «x 4 3 3 2 [2] 211171
1 277 x 4 3 2 2 (2211171
2 [277]] x 4 3 3 2 (2] 22 2]1]1
3 277 x 4 3 3 2 222 ]2]2]¢?2

(c) Preconditioned GMRES for IIPG: a. = 4a*

€
levels | h [[107° | 107* | 1073 [ 1072 [ 107" | 1 | 10" | 102 | 10® | 10* | 10°
0 [271] 4 3 3 2 2 [1] 11 ] 1]1]1
1 [272] 30 [ 3 2 2 2 (11 [1[1[17]1
2 [27%] 16 | 3 2 2 2 (21 [ 11 [1]1
3 (27711 3 2 2 2 (21 11171

TABLE 7.12. Number of GMRES iterations with the preconditioner Agl for
IIPG, with: (a) a. = a*; (b) a. = 2a*; and (c) ae = 4a*.

The proof follows the ideas from [15, Lemma 4.6].

Proof. We start showing the approximation estimate. Using standard triangle inequality, the
stability and approximation properties of F; given in Lemma A.1, together with the approxi-
mation result (A.3) of the Q; from Lemma A.2, we have

lo — Plullog, < llv — QiEwllog, + | QiEw — Plvllog,
S v - Ewllog, + I(I - Q) Ewlog, + |QiEiv — Plvlog,
< Boling, + Bl Ewlho, + [ QiEw — Plulog, |
S hlolua, + Blvlno: + 1 QiEw — Pivllog, | (A7)

Hence, to conclude we only need to estimate ||Q;F;v — PhEvHQQi. To simplify the notation,
throughout the proof we set y = Pfu € VEConf as defined in (A.4), and denote y; := Q;E;v.
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(a) Preconditioned GMRES for NIPG: ae = 8a*

€
levels | h || 107 [ 107* [ 107® | 1072 | 10" | 1 | 10" | 10? | 103 | 10* | 10°
0 2T 4 3 3 2 2 [2] 1 1 1 1 1
1 2—2 X 3 3 2 2 21 1 1 1 1 1
2 273 X 3 3 2 2 2] 2 1 1 1 1
3 2-1% X 3 3 2 2 2] 2 2 1 1 1

(b) Preconditioned GMRES for NIPG: a. = 16a*

€
levels | h |[107° [ 10=* | 107® | 1072 [ 10~ | 1 | 10 | 10% | 10% | 10* | 10°
0 [27'] 3 3 2 2 2 111 [J1]1]1
1 [272] 5 3 2 2 2 1111171
2 [277]] 3 3 2 2 2 (1111171
3 (277 4 3 2 2 2 1111171

TABLE 7.13. Number of GMRES iterations with the preconditioner Agl for
NIPG, with: (a) ae = 8a* and (b) o, = 16a*.

Then by using discrete L? norm, we have

“QiEiv_P}iLU 0,2, — HX_XZ’(QLQZ (AS)
S0 -’
peaﬂiﬂj\/’ﬁ(ﬂi
< DD R = X))
I'cof; pel’
S Z Zﬁd (xi — QrEv)* (p) + Z R (p)
rcoQ; \per pedl
<S> (Z hl(xi — QrE)|3 . + h2uxz-ugﬁr> : (A.9)
FEBQZ ecl’

We need to bound the two terms appearing in the last expression. Taking into account that Qr
is linear preserving (cf. Lemma A.2) and also using its L2-stability property (A.2), the standard
trace inequality, and the local approximation property of the Scott-Zhang interpolation Q; (A.3),
we find for the first term

hlxi — QrEw|%, = h||Qrxi — QrE|3. < hllxi — Ewld o,
< h(diam(wp)) ' | B — QiEw|3, + hdiam(wy)|Eiv — QiEw|7

< hdiam(wp)”EiU”%,wpa

where O, C 0€); is the local patch associated with e € Tﬂagi on the interface, and w, C €; is

the patch associated with the vertex p € e. Note that diam(wp) = 2h.
Summing up the above inequality for all edges/faces, we obtain that

Y D hllxi — QrEw|§, < hdiam(wp)||Eiv|
FC@Q, ecl’

T S hdiam(wy)|[v]] 4.0, (A.10)
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To bound the second term in (A.9) we have to distinguish between the 2D and 3D cases. In the
2D case, I' is one-dimensional, (it is a set of “edges”) and so JI' reduces to its two endpoints,

say {p,q}. Hence,
Ixill.or = (@) + Ixi(@)) < X615 s0wp + IXillB oo, + 0T = {p,a}

To bound each of the above two terms on the right side, we use the two-dimensional discrete
Sobolev inequality [15, Lemma 2.3[;

diam(wp) 1/2
Ixillocow, = € {log === lIxill1w, , (A.11)
and so summing over all I' € 9Q; the resulting estimate, and using the stability (A.2) from
Lemma A.2 of O; together with the stability and approximation properties of F; given in
Lemma A.1, we finally get

diam(wp) 2h
S xillor S Y. D> 10g< L >sz\|1wp 510g< )szHm

reaq; redQ; pcdr

2h 2h
log< ) 1QiEw|7 g, < log ( . > olf} g, - (A.12)

Next, we give the corresponding estimate for the 3-dimensional case. In 3D, any I' C 0€2; is a
set of faces and edges. Notice however, that it is enough to consider the case when I is two-
dimensional (face), since the other case reduces to the estimate already done for 2D. T' being
a “face”, JI" reduces to a set of edges, {e : e C dI'}. Hence, defining the set w. := {T' € T;,
TNe#0ecC '} and using now the discrete Sobolev inequality [15, Lemma 2.4] (instead of
(A.11)), we find

diam(we)
Plfar = 3 Il < 3 tox (P50 ),

ecol’ eCor

Summing the above estimate over all I' € 9; and using, as before, the stability (A.2) from
Lemma A.2 of Q; together with the stability and approximation properties of E; given in Lemma
A.1, we find,

Y il s 3 Zlg(dm ”e)>|xzumewlog( ) Y Il

reo); I'edQ; ecol’ IeoQ; ecor’

2h 2h )
S log <h> Ixilli o, < log (h) vl q, -

Now, substituting into (A.9) the above estimate (or correspondingly (A.12)) together with
(A.10) we finally get

o ~ ~ 2h
| QiEsv — P}?”H%,Qi = Ix = xilg.0, < C2Ch*||v||} .0, + Ch*log (h) HUH%,QZ- .

Inserting this estimate in (A.7), the proof of the approximation property is concluded by using
now the definition of the H 1—weighte£i norm.

Finally we show the stability of P' (A.6). From the definition of the norm

7 7 i 7
Bl e = Y sllBvlie, . IBlie, = > IBwlir
2CQ TCQ;,UT=0;
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Note that P,?v € Vﬁconf and v € V,°E. To deal with possibly different mesh sizes we consider

the local L2-projection Pr : L*(T) — PY(T) for any T € T;. For h > h, such an element is
the union of other subelements in the partition 7. Then, adding and subtracting Prv, triangle
inequality together with inverse inequality and the approximation property (A.5), gives

[Pl < |PPo = Prohy + [Prolie < C(R) 7 Plo — Proflor + |7’Tv|1T
<@ (In ) +Clolir < C(R)

The Stability now follows immediately, by summing over all elements T C €;, using the definition
of the weighted H!-semi-norm and the weighted L?-norm together with the approximation result

already shown:
N\ 1/2
~ o~ 2h
lh <log (h)) ||’UH1,h,n79 + ||U||1,h7f'€79

1/2
2h
<10g ( h )) ||vH1,h,/£,Q ’

and the proof is complete. ]

APPENDIX B. PrROOF OF (5.19) AND (5.18)

Since the results in this section concern only the space VhCR, we will omit the superscript CR
and write Ag instead of Ag R, instead of @eCR, etc. We also point out that the two Lemmas
that follow are cases of much more general theorem on additive methods which can be found in
many texts (see e.g. [77], [69], [67]).

We first prove the identity for the Jacobi method (5.19).

Lemma B.1. Let R~! be defined via the expression

Ao (v,
-1 2 : O Spe
A[)U = .
5 Aol Ao(perpe) 7

Then for all w € VhCR the following relation holds:

(Rw,w) Z Ao (e, pe)w (B.1)

e€sy

Proof. Given w € VhCR, by setting X = [R™1A4¢]~! we obtain that

_ _ _ _ AO(XU) Soe)
w=RTAR A tw =R 4y(Xw) = Y T 0.
Ry ok = SR
h
%. We then easily obtain the

desired result by the following, rather straightforward, computations:

Ao(Xw, @e Ao(Xw, e
ZAO(‘P6>906)WS = ZM Z 0 ’lUt,O —— = Ao(Xw, pe)

In other words, we have w = ) co Wepe, With w, =
h

v o Aolpepe) o Ao(pe, pe)
= Z weAg(Xw, pe) = Ao(Xw, Z Wepe) = Ao(Xw, w)
eety eely

= (AR Ao 'w,w) = (Rw,w).
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The following Lemma verifies the identity for (B~!v,v) given in (5.18).
Lemma B.2. Let B be defined as in (5.13). We then have

(B™'w,v) = inf [R(v—x,v—x)+alx,x)]-
XEVE

Proof. Let x € Vfonf be arbitrary and n = (A°)"'QYB~'v. Tt is clear that Ay = QB v
and moreover,

v—n=v—-(A9)1Q°B v =BB v - P°A'B v = (B - (A9)"'Q°)B~lv = R"!B !u.
Setting ng = x — 7, so that x = 1 + g, then shows that

Rv—x,v—x) = (Rv—n—m),v—n—m0)
= (RYRB'w—mng),(RB™ v —m))
= (RB 'w, B~ ') — 2(no, B~'v) + (R 1o, m0),

and also

a(x,x) = a(n+mo),n+mno)
= a(n,n) + 2a(n,no) + a(no, o)
= (A%, n) + 2(A%n,n0) + a(no, mo)
= (Q“B™'v,(A9)7'Q%) +2(B " v,m0) + a(no, mo)-

Adding the last two identities and using the fact that a(no,n0) > 0 and (Rno,n0) > 0, and
applying the definitions of Q¢ and B (in that order) then gives

Rv—x,v—x)+alx,x) > (RB'v,B7)+ (Q°B v, (A9)1Q“B 1)
= (B7'w,RB ') 4 (B v, (49)71Q°B 1)
= (B™'v, (R+(A9)7'QY)B 'v) = (B™'v,v)
B

The proof is complete because x was arbitrary and moreover, equality holds if and only if
no = 0. O
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